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Abstract Livestock farming problems are often sequential in nature. For instance
at a specific time instance the decision on whether to replace an animal or not is
based on known information and expectation about the future. At the next decision
epoch updated information is available and the decision choice is re-evaluated. As
a result Markov decision processes (MDPs) have been used to model livestock de-
cision problems over the last decades. The objective of this chapter is to review the
increasing amount of papers using MDPs to model livestock farming systems and
provide an overview over the recent advances within this branch of research. More-
over, theory and algorithms for solving both ordinary and hierarchical MDPs are
given and possible software for solving MDPs are considered.

1 Introduction

Mathematical models for livestock farming systems have been used since the fifties.
Examples of techniques used include deterministic optimization such as linear pro-
gramming (for an early example, see Fisher and Schruben, 1953) and dynamic pro-
gramming (with White, 1959, as one of the first applications to livestock farming)
as well as stochastic models based on Monte Carlo simulation (e.g. Sørensen et al,
1992) and Markov decision processes (MDPs).

The nature of livestock systems differ from other industrial systems. Compared
to e.g. modelling the state of a machine, modeling the state of e.g. a cow is more
complex. First, the traits of an animal is harder to estimate and animals like humans
differ, i.e. the variance between animals is much higher and it is harder to determine
which state the animal is in. Second, livestock systems have a cyclic nature. In most
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cases an animal is inserted into the herd and after some cyclic periods (lactations,
parity, feeding cycle) replaced with a new animal. Decisions regarding which cycle
and when to replace the animal within the cycle have to be taken. Finally, often
the supply of animals is not unlimited, e.g a cow cannot be replaced if we do not
have a heifer available. These three characteristics have also been referred to as the
uniformity, reproductive cycle and availability features of livestock systems (Ben-
Ari et al, 1983).

Livestock farming is often sequential in nature. For instance at a specific time
instance the decision on whether or not to replace an animal is based on observed
information and expectation about the future. At the next decision epoch updated
information is available and the decision choice is re-evaluated. Since random vari-
ation is a core property of a livestock system MDPs have often been used to model
livestock decision problems over the last decades (see Kristensen, 1994, for an
overview). At a specified point in time, the decision maker observes the state of
a system and makes a decision. The decision and the state of the process produce
two results: the decision maker receives an immediate reward (or incurs an imme-
diate cost), and the system evolves probabilistically to a new state at a subsequent
discrete point in time. At this subsequent point in time, the decision maker faces a
similar problem. However, the observed state may be different from the previously
observed state. The goal is to find a policy of decisions (dependent on the observa-
tion of the state) that maximizes, for example, the expected discounted reward.

In the MDP the state of the animal is defined by a set of state variables, each
representing a trait relevant for the livestock system under consideration, e.g. for a
dairy cow state variables could be milk yield level, lactation number, days in milk,
reproductive status etc. It is assumed that the value of the state variable belongs
to a finite set of levels/classes that represent the value of the trait. Often a trait is
continuous and must be discretized into a set of levels. If we consider a realistic
number of levels we may face the problem known as the “curse of dimensionality”:
the number of possible states grows exponentially with the number of state variables
(the state space is often formed as the cartesian product of the number of levels of
each of the state variables). This is one of the major drawbacks of using a MDP to
model a livestock system.

Hierarchical MDPs (HMDP) are an attempt to decompose the state space and to
reduce the number of states in the MDP. The model is a series of finite time MDPs
built together into one MDP called the founder process. As a result, the age of the
animal can be omitted in the state space compared with an ordinary MDP model.
Moreover, it takes into account that the production is cyclic. When a replacement
occurs, not just a regular state transition takes place but rather the process (life cycle
of the replacement animal) is restarted. HMDPs were first considered by Kristensen
(1988) assuming 2 levels in the HMDP. Later, Kristensen and Jørgensen (2000) ex-
tended the methodology to multilevel HMDPs such that MDPs can be built together
at multiple levels. Note that an HMDP is an infinite-stage MDP with parameters
defined in a special way, but nevertheless in accordance with all usual rules and
conditions relating to such processes. The basic idea of the hierarchic structure is
that stages of the process can be expanded to so-called child processes, which again
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may expand stages further to new child processes leading to multiple levels. Even
though that HMDPs may help to reduce the number of state variables the curse of
dimensionality is still a problem.

In most papers an MDP is used to model a single animal and its successors
(single-component). Hence herd constraints (heifers, feed, milk-quota etc.) are not
taken into account. To represent the whole herd a multi-component MDP has to
be considered as discussed in Ben-Ari and Gal (1986) and Kristensen (1992). The
multi-component model is based on single-component MDPs representing a single
animal and its future successors. However, the model is far too large for optimi-
sation in practice. Therefore, the need for an approximate method emerged, and a
method called parameter iteration was introduced by Ben-Ari and Gal (1986) and
later modified by Kristensen (1992) to whom reference is made for details. To the
authors’ knowledge the parameter iteration method has only been applied under a
constraint of a limited supply of heifers Kristensen (1992).

The state of an MDP must be directly observable. Since the state in the model
represents the present traits of the animal in question this means that the traits are
assumed to be well defined and directly observable. This is not always the case.
Traits of an animal vary no matter whether we are considering the milk yield of
a dairy cow or the litter size of a sow. Moreover, it is not obvious to what extent
the observed trait is a result of a permanent property of the animal or a temporary
random fluctuation. Most often the observed value is the result of several permanent
and random effects. This problem can be solved by modeling the trait as a stochastic
process and embedding the parameters of the process into the MDP instead of the
observed value of the trait. The technique is referred to as Bayesian updating. As
observations are done, the Bayesian approach is used to increase the knowledge on
the true value of the trait. The technique was first used in practise by Kennedy and
Stott (1993) for milk yield and has been described in detail by Kristensen (1993)
and generalized in Nielsen et al (2011).

For an MDP to be valid the Markov property must be fulfilled. It implies that the
state space at any decision epoch (or stage) must contain sufficient information for
determination of the probability distribution of the state to be observed at next deci-
sion epoch. In a straight forward formulation of a decision problem this is rarely the
case and various tricks must be used in order to make the process Markovian. The
most common trick is to include memory variables in the state space (for instance
the milk yield of previous lactation(s) in dairy cow models). This approach has been
used in numerous models in practice. A more elaborate approach is to use Bayesian
updating to estimate latent traits (for instance an abstract milk yield capacity of a
dairy cow) as observations are done over time.

The objective of this chapter is to review the increasing amount of papers using
MDPs to model livestock farming systems and provide an overview over the recent
advances within this branch of research. Moreover, theory and algorithms for solv-
ing both ordinary and hierarchical MDPs are given and possible software for solving
MDPs are considered. The chapter provides and updated overview compared to the
latest survey (Kristensen, 1994) which is almost 20 years old. The authors have tried
to include all peer review articles using MDPs to model livestock systems which re-
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sulted in more than 80 papers in total. Some very old applications (mainly from
the sixties and seventies) have been omitted in the overview. Most of those early
applications were deterministic and some of them were published in research re-
ports which are not online available. Readers who are interested in those papers are
referred to Kennedy (1986) who gives an overview of applications until the early
eighties.

The chapter is organized as follows. In Section 2 a short introduction to ordinary
MDPs and hierarchical MDPs is given and algorithms for optimizing the process are
described. Next, a survey over papers using MDPs applied to cattle farming prob-
lems is given in Section 3. Dairy production is the most successful area on which
MDPs have been applied. The chapter is continued in Section 4 with a survey over
papers within the area of pig production. Finally, a few papers which lies outside
these two areas are considered in Section 5. Software for solving both ordinary and
hierarchical MDPs are discussed in Section 6. At last conclusions and directions for
future research are discussed in Section 7.

2 Methodology

We briefly introduce the methodology of MDPs and describe the different algo-
rithms which can be used to find an optimal policy under different criteria. Many
papers using MDPs to solve livestock problems consider a stochastic process where
the length of a stage is not constant. This is actually an extension of the MDP
methodology (where a constant stage length is assumed), referred to as a semi MDP
(Tijms, 2003). However, due to the use of the term MDP instead of a semi MDP in
the past we will stick to this. Indeed, throughout the rest of the paper we will use
the term MDP for both ordinary and hierarchical (semi) MDPs and explicit write
ordinary or hierarchical if needed.

2.1 Finite-horizon Markov decision processes

We consider an ordinary finite-horizon MDP with N stages. At stage n the system
occupies a state belonging to the finite set of system states Sn. Given that the de-
cision maker observes state s ∈ Sn at stage n, he must choose an action a from the
set of finite allowable actions As,n generating an immediate reward ra

s (n). Let ta
s (n)

denote the expected length of stage n, i.e. the time until the system evolves prob-
abilistically to a new state (decision epoch) and β a

s (n) the corresponding discount
rate of the stage. Note that if α denotes the interest rate per time unit, and the stage
length is L then the discount factor is exp(−αL) if we assume continuous com-
pounding or 1/(1+α)L if we assume periodic compounding. Let pa

sŝ (n) denote the
transition probabilities of observing state ŝ ∈ Sn+1 at stage n+ 1 given state s and
action a.
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A policy δ is a function that assigns to each state s a fixed action a = δ (s), i.e. a
policy provides the decision maker with a plan of which action to take given stage
and state. Under a given policy we write ra

s (n), ta
s (n) and pa

sŝ (n) as rδ
s (n), tδ

s (n) and
pδ

sŝ (n), respectively.
Let Xn denote the state of the system at the n’th decision epoch. Under a finite

time-horizon the total expected discounted reward criterion may be relevant when
consider livestock problems:

h(δ ) = E

(
N

∑
n=1

rδ
Xn (n)

n−1

∏
i=1

β
δ
Xi
(i)

)
, (1)

where the product is the total discount factor need to discount the reward at stage n
back to stage 1. Moreover, if no discounting is used (α = 0) then (1) calculates the
total expected reward. It is assumed that no decision is taken at decision epoch N,
i.e. a deterministic dummy action aN = δ (XN) is taken. The reward raN

XN
(N) is often

referred to as the terminal or salvage reward.
Having introduced the notation for an MDP, we are also able to give a formal def-

inition of the Markov property mentioned in the introduction. The Markov property
is satisfied in an MDP if and only if

Pa(Xn+1|Xn) = Pa(Xn+1|Xn, . . . ,X1) = pa
XnXn+1

,∀n < N,Xn ∈ Sn,a ∈ AXn,n, (2)

where Pa denotes the probability function under the decision a. In words it means
that the state at next stage is only allowed to depend on the present state and action.
Any other historical information is of no relevance. It is essential for the correctness
of the results from an MDP that this property is satisfied.

An optimal policy maximizing (1) can be found using the following Bellman
equations, Bellman (1957):

vn (s) =
{

maxa∈As,n

{
ra

s (n)+β a
s (n)∑ŝ∈Sn+1

pa
sŝ (n)vn+1 (ŝ)

}
n < N

raN
s (N) n = N

, (3)

where vn(s) is the total expected discounted reward in state s at stage n under the
optimal policy until the process terminates. Equations (3) show that the optimal
policy can be found by analyzing a sequence of simpler inductively defined single-
stage problems. This is often referred to as value iteration.

2.2 Infinite-horizon Markov decision processes

A situation where the stage of termination is unknown (or at least far ahead) is
usually modeled using an infinite planning horizon (N = ∞). Given that the process
is time homogeneous, i.e. the states and actions are independent of stage number
and the policy stationary (constant over stages), we can drop the index n from the
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notation given in Section 2.1. Criterion (1) can still be considered (now an infinite
sum) and will converge towards a fixed value when increasing N if discount rates
are less than one.

Let Z(t) denote the total reward incurred until time t and assume that the MDP
is unichain (see Tijms (2003) for a formal definition). As an alternative criterion we
may consider the average reward per time unit:

g(δ ) = lim
t→∞

Z(t)
t

=
∑s∈S πδ

s rδ
s

∑s∈S πδ
s tδ

s
(4)

where πδ
s are the limiting state probabilities or equilibrium distribution probabilities

given policy δ . Other criteria such as the average reward per physical output can
also be considered and are defined as in (4) by redefining ta

s as the physical output
instead. For instance, Nielsen et al (2004) maximize the average reward per steer.
Furthermore, if all stages have equal length the denominator of (4) equals one and
(4) reduces to the well-known formula for an ordinary MDP.

Various optimization techniques can be used to find the optimal policy such as
value iteration, policy iteration, linear programming, etc. We will restrict ourselves
to the first two here since linear programming have only been used in two of the
papers reviewed.

Value iteration can be used to approximate the optimal policy. It has been used in
the majority of papers since it is relatively strait forward to implement the algorithm.
Moreover, the algorithm is good for solving large-scale MDP problems since there is
no need for solving a large set of equations simultaneously. However, the number of
iterations is problem dependent and typically increases in the number of states of the
problem under consideration. The value iteration algorithm is given in Fig. 1. The
algorithm is initialized in Step 0 where a pre-specified small accuracy number ε is
chosen. Next, we use the recursive equations to update vs (n), which under criterion
(1) denotes the total expected discounted reward in state s with n periods left and
a terminal cost of vs (0). Under criterion (4) the recursive equation is based on a
data transformation method (see (Tijms, 2003)). This is repeated until the stopping
condition is met (Step 3).

Note that if ε is sufficiently small and the same policy is found during several
iterations, we may be rather sure that the optimal policy has been found. However,
there is no guarantee but for practical purposes the deviation will have no signifi-
cance. Under criterion (4) the stopping criterion ensures that 0≤ (g∗−g(δ ))/g∗≤ ε ,
where g∗ denotes the optimal value to (4), i.e. the average reward per time unit
g(δ ) ∈ [mn,Mn] is at most 100ε% away from the optimal average reward per time
unit. Finally observe that if the time between each decision epoch is constant (ta

s = 1
and β a

s = β ) then the recursive formulas in Table 1 reduces to the well-known for-
mulas for an ordinary MDP. During the years more advanced variants of value iter-
ation algorithms have been developed which provide faster convergence and better
stopping conditions. The interested reader is referred to Tijms (2003) and Puterman
(1994) for details.
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Step 0: Set vs (0) such that 0≤ vs (0)≤mina∈As{ra
s /ta

s }, ∀s ∈ S. Choose a number ε > 0, set
n←0 and τ = mins∈S,a∈As{ta

s } (under criterion (4)).
Step 1: For each s ∈ S compute vs (n) using the recursive equation in Table 1 and
let δ be the policy whose actions maximize vs (n).

Step 2: Compute the bounds mn = mins∈S {vs (n)− vs (n−1)} and Mn = maxs∈S {vs (n)− vs (n−1)}
Step 3: If the condition in Table 1 is statisfied then stop; otherwise set n←
n+1 and go to Step 1.

Fig. 1 Value iteration algorithm for an infinite-horizon ordinary MDP.

Table 1 Equations and expressions to be used in the value iteration algorithm.

Criterion Step 1 - Recursive equation Step 3 - Condition

(1) vs (n) = max
a∈As

{
ra

s +∑
ŝ∈S

β
a
s pa

sŝv
δ
ŝ (n−1)

}
Mn ≤ ε

(4) vs (n) = max
a∈As

{
ra

s

ta
s
+(1− τ

ta
s
)vs (n−1)+

τ

ta
s

∑
ŝ∈S

pa
sŝv

δ
ŝ (n−1)

}
0≤Mn−mn ≤ εmn

Step 0: Choose a policy δ.
Step 1: Solve the set of linear equations in Table 2.
Step 2: For each state s, find the action a that maximizes the expression
given in Table 2, and set δ ′(s) = a.

Step 3: If δ ′ = δ then stop; otherwise go to Step 1.

Fig. 2 Policy iteration algorithm for an infinite-horizon ordinary MDP.

Policy iteration unlike value iteration finds an optimal policy in a finite number
of steps. The algorithm is robust in the sense that in general it converges very fast,
the number of iterations are independent of the number of states and varies typically
between 3 and 15 (Tijms, 2003). However, to use the algorithm |S| linear equations
must be solved simultaneously which may be computational costly for large state
spaces. The policy iteration algorithm is given in Fig. 2. In Step 0 an arbitrary policy
is chosen and in Step 1 the set of equations is solved. Under criterion (1) vs denotes
the total expected discounted reward of a process starting in state s and running over
an infinite number of stages. Under criterion (4) vs is the relative value compared to
state ŝ. The difference between the relative value of two states denotes the amount
we are willing to pay for stating in the state with the highest relative value. In Step
2 we update the current policy. This is repeated until a better policy can not be
found (Step 3). Finally observe that if time between each decision epoch is constant
(ta

s = 1 and β a
s = β ) then the recursive formulas in Table 2 reduce to the well-known

formulas for an ordinary MDP. For more advanced variants of the policy iteration
algorithm see Puterman (1994).
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Table 2 Equations and expressions to be used in the policy iteration algorithm.

Step 1 Step 2

Criterion Equations Unknowns Expression

(1) vs = rδ
s +∑ŝ∈S β δ

s pδ
sŝvŝ,∀s ∈ S v1, . . . ,v|S| rδ

s +∑ŝ∈S β δ
s pδ

sŝv
δ
ŝ

(4) vs = rδ
s −gtδ

s +∑ŝ∈S pδ
sŝvŝ,∀s ∈ S,vŝ = 0 v1, . . . ,v|S|,g rδ

s − tδ
s g(δ )+∑ŝ∈S pδ

sŝv
δ
ŝ
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Fig. 3 Illustration of a stage in a hierarchial MDP. Level 0 indicate the founder level, and the
nodes indicates states at the different levels and stages. A child process (oval box) represent a finite
horizon MDP and is uniquely defined by a given state and action of its parent process (the specific
link/edge from the parent to the child). Links at the last stage of a process illustrate the possible
transitions back to the parent process when the child process ends.

2.3 Hierarchical MDPs

Hierarchical MDPs are an attempt to decompose the state space and reduce the
number of states in the MDP. The approach also provide a more intuitively way
of modeling the stochastic process. Moreover, it reduces the number of equations
which must be solved simultaneously under policy iteration. We consider hierar-
chical MDPs with multiple levels also referred to as multi-level hierarchic Markov
processes. A hierarchical MDP is an infinite stage MDP with parameters defined
in a special way, but nevertheless in accordance with all usual rules and conditions
relating to such processes. The basic idea of the hierarchic structure is that stages of
the process can be expanded to a so-called child processes which again may expand
stages further to new child processes leading to multiple levels.

A stage in a process with three levels is illustrated in Fig. 3. The infinite hori-
zon process at level 0 is named the founder process and is the only process in the
structure which is not the child of a parent process. Each node corresponds to a
state at different levels and stages. A child process (oval box) is a finite horizon
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MDP and is uniquely defined by a given stage, state and action of its parent process
(the specific link/edge from the parent to the child). For each finite horizon process
an initial probability distribution of the states at stage 1 is assumed, i.e. a fictitious
stage 0 with only one state and one action is added to the model. As a result given
a state and action at the parent level a transition to the child process can be repre-
sented deterministically (edges in Fig. 3). Moreover, a set of terminal probabilities
are given representing the transition probabilities back to the parent process when
the last stage ends (the links from the last stage in the child in Fig. 3).

Note that a finite horizon process at level l > 0 is uniquely defined by a sequence
of stages, states and actions ρ = (s0,a0,n1,s1,a1, . . . ,nl−1,sl−1,al−1) and at level 0
we only have the infinite horizon founder process which we will denote ρ0. We will
use the notation in Section 2.1 and Section 2.2 given a specific process ρ; however,
an action a is not nessasarely identical to an action as it is usually defined in an
MDP. In addition to the selection of a specific process we also have to choose which
policy to follow during its child processes.

Let δρ denote an expanded policy of process ρ , i.e. a function that assigns to
each state s a fixed action a = δρ(s), i.e. an expanded policy provides the decision
maker with a plan of which action to take given stage and state in the parent process
and all its child processes. Then the reward rδρ

s (n), expected length tδρ

s (n), discount
factor β

δρ

s (n) and transition probabilities pδρ

sŝ (n) can be calculated recursively by
processing the child processes from the lowest levels and upward towards the par-
ent process ρ . Hence an expanded value iteration can be applied. Under the total
expected discounted reward criterion (1) and given a set of terminal rewards, the
optimal policy δρ of a finite horizon process can be found by recursively applying
value iteration (3) from the lowest levels and upward towards the parent process ρ .
The same holds when considering the average reward per time unit criterion (4)
where we must solve the following recursive equations:

vn (s) =

{
maxa∈As,n

{
ra

s (n)−gta
s +∑ŝ∈Sn+1

pa
sŝ (n)vn+1 (ŝ)

}
n < N

raN
s (N) n = N

, (5)

Note that an additional average reward g must be chosen together with the terminal
values. For further details see Kristensen and Jørgensen (2000).

We can also apply a single iteration of expanded value iteration to the founder
process to determine all the parameters needed to solve the set of equations when
considering policy iteration. A hierarchical policy iteration algorithm can now be
formulated in Fig. 4. It combines policy iteration at the founder level and value
iteration at the other levels. First some initial values are chosen in Step 0 and the
expanded policy and the parameters of the founder process are calculated. Next the
linear equations at the founder level are solved in Step 1 and used as terminal values
in the expanded value iteration in Step 2. If no new policy is found the algorithm
stops in Step 3.
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Step 0: Set vs (0) = 0,∀s ∈ Sρ0 and g = 0 (under criterion (4)). Perform an expanded

value iteration to find the expanded policy δρ0 and parameters r
δρ0
s , t

δρ0
s , β

δρ0
s

and p
δρ0
sŝ .

Step 1: Solve the set of linear equations in Table 2 using the parameters of
the founder process.

Step 2: Perform expanded value iteration to find the expanded policy δ ′ρ0
and

parameters r
δ ′ρ0
s , t

δ ′ρ0
s , β

δ ′ρ0
s and p

δ ′ρ0
sŝ .

Step 3: If δ ′ρ0
= δρ0 then stop; otherwise redefine δρ0 to the new policy and go

to Step 1.

Fig. 4 Hierarchical policy iteration algorithm for an hierarchical MDP.

3 MDP models applied to cattle farming

This section gives an overview of MDPs applied to cattle farming problems. Around
60 papers describing more than 40 different models were found in this area. Table
3 summarizes the models by listing their structure in terms of the number of levels
(the value 1 indicates an ordinary MDP), the criterion of optimality, the state vari-
ables with number of levels/classes, stage lengths with maximum number of stages,
decisions being optimized, application area and supplementary information. Each
row in the table corresponds to a model and reference to the paper(s) describing it
is given in the first column. It should be noticed that it is not always clear whether
a paper should be classified as describing a new model (by further developing an
existing model) or it should be classified as just an application of an existing model.

Only decision models are included in the survey. Simple Markov chain models
are not mentioned even though they are, of course, closely related to MDPs since
an MDP with predefined policy is a Markov chain. Examples of such, not included,
Markov chain models are Allore et al (1998); Cabrera (2012); Giordano et al (2012);
Noordegraaf et al (1998) as well as Jalvingh et al (1993a,b, 1994).

Many of the models mentioned in the survey are by the authors themselves pre-
sented as dynamic programming models and the term Markov decision process is
seldom mentioned. Dynamic programming exists in a deterministic version and a
stochastic version, and particularly the stochastic version is identical to the MDP
concept described in this chapter. Very often, however, the use of the term dynamic
programming implies that the optimization method is value iteration. The determin-
istic version is also compatible with an MDP, but such models are degenerate in the
sense that for any stage n, state s and action a there exists a state s′ at stage n+ 1
where pa

ss′ = 1. Accordingly, we have for any state ŝ 6= s′ that pa
sŝ = 0.

In a book Kennedy (1986) reviewed dynamic programming applications to agri-
culture until the early eighties. As a main rule, models mentioned in that book are
omitted, but for the most important application area, which is dairy cow replace-
ment, also models mentioned by Kennedy (1986) are included. The main reason is
that the study by Giaever (1966) is so important that it would be preposterous to
omit it.
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The vast majority of papers and models address problems related to dairy cows.
A few models consider growing cattle (the review by Kennedy, 1986, contains sev-
eral very early applications to growing cattle). Nielsen et al (2004) and Nielsen and
Kristensen (2007) consider the raising of steers and Pihamaa and Pietola (2002)
study the effect of beef cattle management under agricultural policy reforms in Fin-
land. Also management of heifers (Mourits et al, 1999a,b) has been studied. All
models are defined at the individual animal level and since all of them also basi-
cally consider the replacement problem, they reflect a chain of animals successively
replacing each others over a finite or infinite time horizon. They therefore all have
the action “Replace” as an option. The alternative to replacement is, of course, to
keep the animal, and many models only have “Keep” as an alternative to “Replace”.
Many models describing cows and heifers also have an “Inseminate” action, and the
models optimizing raising of steers and heifers have actions defining the feeding
level in some sense.

The first models published until the mid-eighties were ordinary MDPs solved by
value iteration over a number of stages typically aiming at approximating an infinite
horizon. The criterion of optimality was typically maximization of expected dis-
counted reward, which is still today the most commonly used criterion. The concept
of hierarchical MDPs was described by Kristensen (1988) and over the following
years it has been increasingly used in cattle models. In total, 11 of the models men-
tioned in Table 3 are hierarchical. Most of the recent hierarchical models have been
implemented in the MLHMP software system developed by Kristensen (2003). The
technique has made it possible to handle even very large models with millions of
states like Demeter et al (2011), Nielsen et al (2010) and Houben et al (1994). The
introduction of hierarchical models also implies that policy iteration has become a
common optimization technique (for the founder process).

When it comes to state variables, the models include age of the animal as a state
variable. For dairy cows it is typically measured by lactation number and often also
stage of lactation. Also the reproductive state (typically measured by month of con-
ception or length of calving interval) and the milk yield level are usually included
in the dairy cow models. In the beginning the health status was not included in the
models, but starting with Stott and Kennedy (1993), Kennedy and Stott (1993) and
Houben et al (1994) mastitis has often been included in the state space. In recent
years (Bar et al, 2008a,b; Cha et al, 2011; Heikkila et al, 2012) mastitis has been
studied intensively. Also other diseases have occasionally been included (Cha et al,
2010; Grohn et al, 2003; Heikkila et al, 2008).

When comparing state variables across models it is important to remember that
in hierarchical models some of the state variables are typically implicitly given by
stage number. This is typically the case for properties like age (lactation number and
lactation stage for dairy cows) and/or season. Thus, in hierarchical models it is most
often not necessary to include state variables for such properties because they are
given by the model structure. Hence, the same problem formulated as a hierarchical
model will typically have fewer state variables than if it had been formulated as an
ordinary MDP.
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Stage lengths (for hierarchical models at the most detailed level) vary from one
day as in Kalantari and Cabrera (2012); Nielsen et al (2010) to typically a lactation
period in many early models. Geographically, the largest number of models (12)
describe US conditions, but also models for UK conditions (8), Dutch conditions
(6), Danish (4) and Finish conditions (4) are common. Two models describe MDPs
developed for New Zealand, two for Ireland, two for Canada and for each of the
countries Iran, Costa Rica, France and Israel one model has been developed.

Very few papers actively discuss how to satisfy the Markov property, but in many
papers it is obvious that the problem is considered (in other papers it is ignored). The
preferred method for (approximate) fulfilment of the Markov property has been by
use of memory variables where milk yield of previous lactation is remembered. This
tradition goes back to van Arendonk (1985b) and has been continued in many sub-
sequent models using that model as a basis (see the “Misc” column of Table 3).
The same approach was used by Kristensen (1987, 1989). The main drawback of
memory variables is that they contribute considerably to the curse of dimensional-
ity. This was realized already by Giaever (1966) who instead defined milk yield as a
weighted index of all lactations until now. He showed how it was possible to define
the weight coefficients of the index in such a way that the Markov property was not
violated. Also McArthur (1973) defined an index which in his case was a simple av-
erage of lactation yields. Thus, the state space was reduced, but the Markov property
was not satisfied.

Another approach used in several models is to express the milk yield as partly re-
sulting from a permanent property of the cow. This approach was used by Kristensen
(1987, 1989) (as a supplement to the memory variable also included). In the mod-
els developed at Cornell University (Bar et al, 2008a,b; Cha et al, 2010, 2011) the
permanent property was the only approach used to satisfy the Markov property. All
the models mentioned are hierarchical MDPs which are particularly well suited for
handling permanent traits. Nevertheless, Harris (1990) seems to have used a similar
principle in an ordinary MDP.

When the principles of Bayesian updating was described by Kristensen (1993)
and (independently) applied by Kennedy and Stott (1993) a new tool became avail-
able for model builders. Instead of memory variables, the Bayesian updating focuses
on estimating an abstract latent milk yield capacity of a cow based on all observed
milk yield records. It was, however, not until the models by Nielsen et al (2010) and
Demeter et al (2011) that it was implemented as a main feature. In other application
areas (Kristensen and Søllested, 2004a,b; Lien et al, 2003; Verstegen et al, 1998) it
was used earlier.
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Table 3: Overview over literature using MDPs for modeling within cattle farming.

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Kalantari and Cabrera (2012) 1 DR (VI) lactation (9), days in preganacy (282),
DIM (750), milk yield (5)

day (∞) K, R dairy (US) Study the effect of reproductive
performance.

Heikkila et al (2012) 1 DR (PI) month (78), culling reason (3), mastitis
cases (5)

month (∞) K, R dairy (FIN) Focus on clinical mastitis

Langford and Stott (2012) 1 DR (VI) parity (12), milk yield level (15) parity (20) K, R dairy (UK) Extension of Stott (1994) which study
the effect on welfare

Cha et al (2011) 3 DR (HPI) permanent milk yield level (5); dummy
(1); temporary milk yield level (5),
pregnancy state (9), clinical mastitis state
(13)

cow life (∞);
parity (8);
month (20)

I, K, R dairy (US) Lactation number and stage of lactation
known from stage number. Extension of
the work by Bar et al (2008b) and Cha
et al (2010).

Demeter et al (2011) 4 DR (HPI) permanent milk yield potential (PMYP)
estimated at first calving(13); PMYP
estimated at the beginning of lactation
(13), months open previous lactation (8);
PMYP estimated this month (13),
temporary milk yield capacity (13),
pregnancy state (2); PMYP estimated
this month (13), temporary milk yield
capacity (13)

cow life (∞);
parity (12);
month/gestation
period (18);
month (9)

I, K, R dairy (NL) Used to assess herd level implication of
genetic selection strategies. Lactation
number, stage of lactation and month of
pregnancy known from stage numbers.

Cabrera (2010) 1 R/T (LP) parity (15), month in lactation (24),
pregnancy status (10)

month (∞) K, R dairy (US) Consider different diets and nitrogen
excretion

Cha et al (2010) 3 DR (HPI) permanent milk yield level (5); dummy
(1); temporary milk yield level (5),
pregnancy state (9), lameness state (13)

cow life (∞);
parity (8);
month (20)

I, K, R dairy (US) Lactation number and stage of lactation
known from stage number. Extension of
the work by Bar et al (2008b) with focus
on lameness.

Kalantari et al (2010) 1 DR (VI) lactation (12), month after calving (24),
milk production class (15), pregnancy
status (10)

lactation (180) K, R dairy (IR) A modification of van Arendonk and
Dijkhuizen (1985) applied to Iran
conditions.

(Continued on next page)
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Table 3: Overview over literature using MDPs for modeling (cattle farming - table continued).

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Nielsen et al (2010) 3 DR (HPI) dummy (1); milk yield potential (MYP)
estimated at the beginning of lactation
(13); combination of MYP estimated
until present day and temporary milk
yield level (45 combinations), drying off
week (32)

cow life (∞);
parity (10); day
(483)

K, R dairy (DK) Lactation number and stage of lactation
known from stage number. Focus on
management. Bayesian updating used.

Bar et al (2008a,b) 3 DR (HPI) permanent milk yield level (5); mastitis
in previous lactation (2); temporary milk
yield level (5), pregnancy state (9),
mastitis state in present lactation (13)

cow life (∞);
parity (8);
month (20)

I, K, R dairy (US) Lactation number and stage of lactation
known from stage number. Focus on cost
of clinical mastitis.

Heikkila et al (2008) 1 DR (PI) lactation (10), milk yield (3), health
status (3)

lactation (∞) K, R dairy (FIN) Focus on diseases and milk yield.

Nielsen and Kristensen (2007);
Nielsen et al (2004)

4 R/T (HPI),
R/Q (HPI)

birth month (12); live weight (up to 26)
previous winter feeding level (2), weigh
gain (5); weight gain at fattening (3)

steer life (∞);
seasons (sum-
mer/winter) (6);
month (up to 6);
month (4)

G, Fe, Fa,
R

steer (DK) Nielsen et al (2004) consider average
reward per steer while in Nielsen and
Kristensen (2007) the average reward per
time unit is maximized

de Vries (2006) 1 DR (VI) lactation (12), days open (10), month of
lactation (24), milk yield (15)

month (∞) K, R dairy (US) Extension of model by de Vries (2004).

Stott et al (2005) 1 DR (VI) lactation (12), milk yield (15) lactation (20) K, R dairy (UK) Studies financial incentive to control
paratuberculosis. Extension of model by
Stott (1994).

de Vries (2004) 1 DR (VI) lactation (12), days open (10), month of
lactation (24), milk yield (15), month of
calving (12)

month (∞) K, R dairy (US) Studies the effect of delayed replacement
with seasonal cow performance.

Grohn et al (2003) 1 DR (VI) lactation (12), days open (10), month of
lactation (20), milk yield (5), month of
calving (12), disease state (240)

month (60) I, K, R dairy (US) Extension of models by Delorenzo et al
(1992) and Mccullough and Delorenzo
(1996b).

Stott et al (2002) 1 DR (VI) lactation (12), milk yield (15), somatic
cell count (11)

lactation (20) K, R dairy (UK) Extension of model by Stott (1994).

Pihamaa and Pietola (2002) 1 DR (VI) live weight (507) week (326) Fe, K, R beef (FIN) Study the effect of agricultural policy
reforms in Finland.

(Continued on next page)
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Table 3: Overview over literature using MDPs for modeling (cattle farming - table continued).

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Rajala-Schultz and Grohn (2001) 1 DR (VI) lactation (12), production level (5),
month of calving (12), month of
lactation (19), days open (10)

month (60) I, K, R dairy (FIN) Compares optimal decisions with farmer
decisions. Use of model by Mccullough
and Delorenzo (1996b).

Vargas et al (2001) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15)

month (180) I, K, R dairy (CR) Based on model by van Arendonk and
Dijkhuizen (1985).

Rajala-Schultz et al (2000a,b) 1 DR (VI) parity (12), days open (10), stage of
lactation (19), production level (3, 5, 7),
month of calving (12)

month (48-120) I, K, R dairy (FIN) Use of model by Mccullough and
Delorenzo (1996b).

Yalcin and Stott (2000) 1 DR (VI) lactation (12), milk yield (15), somatic
cell count (11)

lactation (20) K, R dairy (UK) Extension of work by Stott (1994)

Cardoso et al (1999a,b) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15)

month (240) I, K, R dairy (BR) Use of model by van Arendonk and
Dijkhuizen (1985).

Mourits et al (1999a,b) 2 DR (HPI) month of birth (12); body weight (173),
reproductive state (32), prepubertal
growth rate (3)

rearing period
(∞); month (30)

Fe, I, K,
R

heifers (NL) Age of heifer known from stage number.
The keep and inseminate decisions can
be done under different growth strategies

Yates and Rehman (1998) 1 DR (LP) lactation (12), genetic level (4) year (10) K, R dairy (UK) The keep decision has 2 options: produce
calf for replacement or for beef.

Dekkers et al (1998) 1 DR (VI) lactation l (12), month in lactation (16),
milk yield l (15), calving intervals (6)

month (180) I, K, R dairy (CDN) Quantify the impact of persistency of
lactation. Adaptation of the work in van
Arendonk and Dijkhuizen (1985)

Haran (1997) 2 DR (HPI) month of first calving (12); current
month (12), milk production level (15),
time of conception (5)

cow life (∞);
lactation stage
(72)

I, K, R dairy (IRL) Lactation number and stage of lactation
known from stage number.

Mccullough and Delorenzo
(1996a,b)

1 DR (VI) lactation (12), production level (15),
month of calving (12), month of
lactation (19), days open (10)

month (60) I, K, R dairy (US) Focus: levels of state variables, milk
price and management inputs. Model
based on Delorenzo et al (1992)

Houben et al (1994) 2 R/T (HPI) dummy (1); milk production l (15), l−1
(15), calving interval (18), mastitis
current month (2), mastitis cases l (4),
l +1 (4)

life span of a
cow (∞); month
(204)

I, K, R dairy (NL) Focus on mastitis

Stott (1994) 1 DR (VI) lactation (12), yield class (15) lactation (∞) K, R dairy (UK) Uses bayesian updating for milk yield

(Continued on next page)
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Table 3: Overview over literature using MDPs for modeling (cattle farming - table continued).

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Kennedy and Stott (1993) 1 DR (VI) lactation l (12), yield class (5), mastitis
status l−1 (2)

lactation (∞) K, R dairy (UK) Focus: model and bayesian updating

Stott and Kennedy (1993) 1 DR (VI) lactation number (12), mastitis state (2) lactation (∞) K, R dairy (UK) Focus on clinical mastitis.

Delorenzo et al (1992) 1 DR (VI) lactation (12), production level (15),
month of calving (12), month of
lactation (16), days open (7)

month (240) I, K, R dairy (US) Model based on van Arendonk (1986)

Dekkers (1991) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15), time of
conception (6)

month (180) I, K, R dairy (CDN) Studies economic values for breeding
goals. Adaptation of the work in van
Arendonk and Dijkhuizen (1985)

Boichard (1990) 1 DR (VI) lactation l (6), lactation stage (22), stage
of conception (7), calving date (18), milk
yield in l (9), l−1 (9)

20 days (200) I, K, R dairy (F) Focus: economic value of conception

Harris (1990) 1 DR (VI) lactation (10), best linear prediction of
future milkfat production, milk volume
production, milk protein production,
breed, calving date (6)

year (20) K, R dairy (NZ) It is not clear from the description
whether an optimization is performed or
the model is only used for simulation.

Kristensen (1989); Kristensen and
Thysen (1991a,b)

2 R/Q (HPI) estimated genetic class at first calving
(5); milk yield of present lactation (15),
milk yield of previous lactation (15),
length of calving interval (8)

cow life (∞); 4
week period
(108)

K, R dairy (DK) Lactation number and stage of lactation
known from stage number. Average
reward per kg milk is maximized.
Extension of work by Kristensen (1987).
The model is later applied by Kristensen
and Thysen (1991a,b)

Rogers et al (1988a,b) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15), time of
conception (6)

month (180) I, K, R dairy (US) Adaptation of the work in van Arendonk
and Dijkhuizen (1985)

Kristensen (1987) 2 DR (HPI) estimated genetic class at first calving
(5); milk yield of present lactation (15),
milk yield of previous lactation (15),
length of calving interval (8)

cow life (∞);
lactation stage
(24)

K, R dairy (DK) Lactation number and stage of lactation
known from stage number.

(Continued on next page)



M
arkov

decision
processes

to
m

odellivestock
system

s
17

Table 3: Overview over literature using MDPs for modeling (cattle farming - table continued).

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

van Arendonk (1986) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), time of conception (6),
month of calving (12)

month (180) I, K, R dairy (NL) Extension of the work in van Arendonk
(1985b)

van Arendonk (1988); van Aren-
donk and Dijkhuizen (1985)

1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15), time of
conception (6)

month (180) I, K, R dairy (NL) Extension of the work in van Arendonk
(1985b)

van Arendonk (1985a,b) 1 DR (VI) lactation l (12), stage in lactation (11),
milk yield l (15), l−1 (15)

month (240) I, K, R dairy (NL) The model has had a huge impact on
later models.

Ben-Ari and Gal (1986); Ben-Ari
et al (1983)

1 DR (VI) lactation, milk yield, body weight lactation (∞) K, R dairy (IL) Ben-Ari and Gal (1986) consider how to
solve the multi-component system.

Killen and Kearney (1978) 1 R (VI) lactation number (9) lactation (20) R, K dairy (IRL) Very small model.

Stewart et al (1977, 1978) 1 DR (VI) lactation (7), body weight (5), 305d milk
yield (11), milk fat pct (7)

lactation (10) R, K dairy (CDN) Stewart et al (1977) describe the model
and Stewart et al (1978) consider
different breeds. Culling decisions were
assumed to occur at 60 days postcalving

McArthur (1973) 1 R (VI) lactation number (7), milk production
level (80)

lactation (15) K, R dairy (NZ) Milk yield represented as average over
lactations.

Smith (1971, 1973) 1 DR (VI) lactation l (6), yield in l (29), l−1 (29),
calving interval (3)

lactation (15) R, K dairy (US) Far more detailed model than the one by
Giaever (1966).

Giaever (1966) 1 DR (VI) lactation number (5), calving interval
(3), milk yield (7)

dairy (US) Alternative optimization methods
described. Important considerations
about Markov property.

a Papers have been ordered in reverse order of year.
b Number of levels in the MDP. If 1 then the MDP is an ordinary MDP.
c DR = expected discounted reward, R = expected reward, R/T = average reward per time unit, R/Q average reward per quantity unit. Algorithm used is given in parentheses (VI = value

iteration, PI = policy iteration, HPI = hierarchical policy iteration, LP = Linear programming).
d State variables for each level in the process (separated with semicolon). The number of levels/classes of each state variable is given in parentheses.
e Stage length at each level in the process (separated with semicolon). Maximum number of stages given in parentheses.
f R = replace, K = keep, I = Inseminate, G = Grazing, Fe = Feeding intensity, Fa = Fattening.
g Animal group applied to. The country from which the parameters has been estimated is given in parentheses.



18 Lars Relund Nielsen and Anders Ringgaard Kristensen

4 MDP models applied to pig farming

Table 4 summarizes MDPs applied to pig farming along the same guidelines as
for the cattle applications in Table 3. A total of 17 papers describing 12 different
models were identified. As with the cattle models only decision models are included
implying that simple Markov chain models are excluded. Examples of such not
included Markov chain models are Jalvingh et al (1992a,b) and Pla et al (2003).

Analogously to the many dairy cow replacement models in the previous section
a total of 6 sow replacement models were found. The remaining papers (6) address
problems related to production of finishers. Also the pig models are in some sense
replacement models, but unlike the cattle models there are also examples of MDPs
defined at group level. Thus, Kristensen et al (2012) model a pen, and Toft et al
(2005) as well as Kure (1997a,b,c) model a batch of finishers. There are, however,
also examples of finisher models (Glenn, 1983; Jørgensen, 1993; Niemi, 2006) de-
fined at individual animal level. The sow models are all defined at individual animal
level.

Decisions considered in the sow models are in addition to “Keep” and “Replace”
also insemination method and number of inseminations to accept before culling for
infertility. In finisher models decisions are the marketing policy and, some times, the
feeding level. As concerns the optimization method the first models published were
ordinary MDPs based on value iteration optimizing expected reward or expected
discounted reward. Later hierarchical models became the norm with the determin-
istic model by Niemi (2006) as an exception. Also for the hierarchical pig models
the preferred software tool has been the MLHMP system described by Kristensen
(2003).

In all models the age of the animal(s) is included either as a state variable or
indirectly through the stage number in hierarchical models. In the sow models litter
size is often included either directly or through Bayesian updating of a latent litter
size potential as in Kristensen and Søllested (2004a,b) and Rodriguez et al (2011).
Also, the number of unsuccessful inseminations is sometimes directly or indirectly
(through the model structure) taken into account. One model by Rodriguez et al
(2011) included a weak sow index defined by clinical observations in the state space.

Stage lengths vary from one day as in Niemi (2006) to a reproduction period (par-
ity) in several models. Geographically, the largest number of models (7) describe
Danish conditions, but also models for Dutch, UK, Spanish and Finish conditions
are found.

As concerns the Markov property, the approach has been the same as with dairy
models. Dutch models (Huirne and Hardaker, 1998; Huirne et al, 1988, 1991, 1993)
used memory variables (2 or 3 previous litter sizes). Later models (Jørgensen, 1992;
Kristensen and Søllested, 2004a,b; Kristensen et al, 2012; Rodriguez et al, 2011)
used Bayesian updating.
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Table 4: Overview over literature using MDPs for modeling pig farming.

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Kristensen et al (2012) 2 R/T (HPI) dummy (1); number of pigs remaining (21),
estimated permanent growth potential (7),
estimated temporary growth potential (7),
estimated within pen standard deviation (9)

prod. cycle in pen
(∞); week (17)

Dδ finishers (DK) Embeds a Dynamic Linear Model
linking automatically recorded live
weights to state variables. Group
level: models a pen.

Rodriguez et al (2011) 3 R/T (HPI) dummy (1); exp. serially correlated effect
(21), exp. permanent litter size potential
(21)h; health status (2), gestation status (3),
litter size (21), weak sow index of previous
parity (5), weak sow index of present parity
(5)

sow life (∞);
parity (12); parity
phases (3)

NM, AI,
R, K, Mi

sows (DK) Extension of work by Kristensen
and Søllested (2004a,b). The weak
sow index is based on clinical
observations.

Toft et al (2005) 2 ? (HPI) disease transition (5); configurations of
susceptible and infectious pigs (?), fraction
of pigs still present (5)

prod. cycle in pen
(∞); day and
week (88)

V, T, Dπ ,
K

finishers (DK) Group level: models a batch.

Niemi (2006) 1 DR (VI) lean tissue weight (37), fat tissue weight (52) day (1800) R, P, E finishers (FIN) Deterministic model. Very detailed
control options.

Kristensen and Søllested (2004a,b) 3 R/T dummy (1); exp. serially correlated effect
(21), exp. permanent litter size potential
(21)h; health status (2), gestation status (3),
litter size (21)

sow life (∞);
parity (12); parity
phases (3)

NI, AI, R,
K, Mi

sows (DK) Uses Bayesian updating to estimate
litter size

Pla et al (2004) 1 R/T (PI) reproductive state (9), parity (11) variable (from
event to event)

R, K sows (E) Uses herd data for estimation of
transition probabilities.

Kure (1997a,b,c) 2 DR (HPI) observed live weigh, observed carcass
leanness

prod. cycle in pen
(∞); weeks of
delivery (4)

Dδ , E finishers (DK) Uses Recursive Dynamic
Programming in child process.
Group level: models a batch.

Jørgensen (1993) 2 DR (VI) dummy (1); weeks since start (5), pigs in
pen (32) [161]

prod. cycle in pen
(∞); week (5)

Dδ , E finishers (DK) The first period at second level is
actually 10 weeks (minimum
feeding time)

Jørgensen (1992) 2 L/T (VI) dummy (1); parity (20), exp. random effect
and influence on litter size (100) [2001]

sow life (∞);
parity (20)

R, K sows (DK) Litter size based on bayesian
updating. Hierarchical structure
imply reduced state space
compared to (Huirne et al, 1993)

(Continued on next page)
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Table 4: Overview over literature using MDPs for modeling pig farming - table continued.

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Huirne and Hardaker (1998);
Huirne et al (1991, 1993)

1 DR (VI) parity p (11), litter size in p−1, p−2 (12),
unsuccessful breedings in p (4) [5633]

parity (70) R, K sows (NL) Huirne and Hardaker (1998) uses
the MDP as a sub-model. ??Unclear
if the state length is one day (see
page 165 (Huirne et al, 1993))

Huirne et al (1988) 1 DR (VI) parity p (15), litter size in p−1, p−2, p−3
(20)

parity (50) R, K sows (NL) Litter size based on a dynamic
formula

Glenn (1983) 1 R (VI) live weight (80), carcass composition () 5 days (17) G, P finishers (UK) Deterministic model

a Papers have been ordered in reverse order of year.
b Number of levels in the MDP. If 1 then the MDP is an ordinary MDP.
c DR = discounted reward, L/T = avg. litter size per time unit, R/T = avg. reward per time unit. Algorithm used is given in parentheses (VI = value iteration, PI = policy iteration, HPI =

hierarchical policy iteration).
d State variables for each level in the process (separated with semicolon). The number of levels/classes of each state variable is given in parentheses.
e Stage length at each level (separated with semicolon). Maximum number of stages given in parentheses.
f V = vaccinate, T = treat, Dπ = deliver π pigs, R = replace, K = keep, Dδ = deliver pigs with weight above δ , E = empty the pen, NM = natural mating, AI = Artificial Insemination, Mi =

allow i matings, P = protein level, E = energy level, G = gain.
g Animal group applied to. The country from which the parameters has been estimated is given in parentheses.
h A dummy state representing the pig has been culled is also included in the model.
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5 MDP models applied to other areas

Even though most models have been developed for applications within cattle and
pig production, a few papers within other applications exists in the literature.

Table 5 summarizes MDPs applied to other areas within livestock farming along
the same guidelines as in the tables for cattle and pig applications (Table 3 and 4).
A total of 5 papers were identified. In addition to those listed in the table, Kennedy
(1986) reviews a number of very early applications to laying hens, broilers and
sheep.

Verstegen et al (1998) used an MDP as a tool for comparing different manage-
ment information systems performance against the optimal decisions found by the
MDP and van Asseldonk et al (1999) used an MDP to optimize which IT solutions to
implement on farm. The remaining papers focus on food and mouth disease (FMD)
(Ge et al, 2010a,b) and how to compute an adaptive control strategy of an animal
disease among a set of farms (Viet et al, 2012). Decisions considered in the models
are “Keep” and “Replace”, if the farm should investment in a certain IT solution,
vaccination strategy and different FMD control options.

Due to the various applications state variables differ much. Examples are IT in-
vestment status, epidemic situation, infected and month etc. Stage lengths vary from
one day as in Ge et al (2010a) to a year (van Asseldonk et al, 1999). Two papers
use ordinary MDPs based on value iteration optimizing expected discounted reward
and three papers use hierarchical models, with two implemented using the MLHMP
software (Kristensen, 2003).

The models by Ge et al (2010a) and Ge et al (2010b) use Bayesian updating
to estimate the disease spread properties of the FMD virus causing the FMD out-
break, and Verstegen et al (1998) use Bayesian updating to estimate the properties
of hypothetical projects.



22
L

ars
R

elund
N

ielsen
and

A
nders

R
inggaard

K
ristensen

Table 5: Overview over literature using MDPs within other areas than cattle and pig farming.

Papera Levelsb Criterionc State variablesd Stage Lengthe Decisionsf Applicationg Misc

Viet et al (2012) 1 DR (VI) current month (12), S = susceptible
(N +1), I = infected (N +1), V =
vaccinated (N +1); only state
combinations where S+ I +V = N

1 month (∞) V, no V disease control (F) Total number of herds N varied
from 50 to 400.

Ge et al (2010b) 2 DR (HPI) epidemic situation (3), export ban (2),
infection index (5), estimated growth
potential of epidemic (5), uncertainty of
growth potential (5)

duration of
epidemic (∞);
10 day periods
(10)

BP, V, PC FMD control (NL) Modification of work by Ge et al
(2010a).

Ge et al (2010a) 3 (HPI) epidemic situation (2), infection index
(5), estimated growth potential of
epidemic (5), uncertainty of growth
potential (5)

duration of
epidemic (∞);
10 day periods
(10); 1 day (10)

SP, BP,
V, PC,
STOP

FMD control (NL) See also Ge et al (2010b).

van Asseldonk et al (1999) 1 DR (VI) IT investment status (115): automatic
concentrate feeder (11), activity
measurement (11), milk production
measurement (11), milk temperature
measurement (11), conductivity
measurement (11)

year (20) Invest IT investment (NL) Studies investments in IT
equipment at farm level.
Deterministic model.

Verstegen et al (1998) 2 ? (HPI) number of production weeks, yield per
production week

project life (∞);
year (10)

R, K MISi evaluation (NL) Project age known from stage
number. Model with Bayesian
updating. Use the MDP as a tool
for comparing against farmers
choice.

a Papers have been ordered in reverse order of year.
b Number of levels in the MDP. If 1 then the MDP is an ordinary MDP.
c DR = discounted reward, L/T = litter size per time unit, R/T = reward per time unit. Algorithm used is given in parentheses (VI = value iteration, PI = policy iteration, HPI = hierarchical

policy iteration).
d State variables for each level in the process (separated with semicolon). The number of levels/classes of each state variable is given in parentheses.
e Stage length at each level (separated with semicolon). Maximum number of stages given in parentheses.
f V = vaccinate, BP = Basic control (FMD), PC = Preemptive culling (FMD), SP = Stop program (FMD), R = replace, K = keep.
g Animal group applied to. Country parameters has been estimated from given in parentheses.
i Management information system.
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6 Software for solving MDP models

The value iteration algorithm for ordinary MDPs is relatively easy to implement and
most papers have implemented the algorithm using various programming languages.
The policy iteration is harder to implement since we have to invert a matrix when
solving the set of linear equations. That is probably the reason that most studies
reported in literature have used the more straightforward value iteration algorithm.
In a few cases software packages in MATLAB1 have been used to perform policy
iteration (Heikkila et al, 2008, 2012). Linear programming can also be used to find
optimal policies but have only been used in two papers (Cabrera, 2010; Yates and
Rehman, 1998).

When consider hierarchical MDPs implementation becomes harder due to the
nested structure of the processes. Fortunately a general software system MLHMP
for construction, editing and optimization of Markov decision processes ranging
from finite time ordinary MDPs to hierarchical MDPs has been developed by Kris-
tensen (2003). MLHMP is implemented in Java2 with the possibility of building
models as plug-ins. Moreover, it can handle all the criteria mentioned in this paper.
MLHMP has been used to solve almost all hierarchical MDPs in the literature. Re-
cently, a package “Markov decision processes (MDPs) in R” (Nielsen, 2011) has
been developed for model building in R3. It is based on a C++ implementation for
fast execution of policy and value iteration and can be used to solve both ordinary
and hierarchical MDPs under all criteria.

7 Conclusions and directions for further research

In this chapter MDPs have been considered to model livestock systems. Livestock
farming problems are often sequential in nature and hence MDPs are suitable as a
modeling tool.

A total of approximately 80 papers using a MDP for modeling the livestock sys-
tem have been reviewed with the first paper dating back to 1966 and the last paper
in 2012. Only decision models are included in the survey, i.e. simple Markov chain
models are not mentioned even though they are, of course, closely related to MDPs.
Most papers have been considered within dairy and some within pig production;
however, MDPs have also been applied to other areas.

The papers may be divided into two categories, namely, papers using MDPs as
a tool for evaluating different herd effects, e.g. different reproductive programs
(Kalantari and Cabrera, 2012) and papers formulating MDP models which may
be embedded into a management decision support system (DSS), e.g. a model for
slaughter pig marketing (Kristensen et al, 2012).

1 MathWorks Inc. http://www.matlab.com.
2 Oracle http://www.java.com/.
3 R Development Core Team http://www.R-project.org/

http://www.matlab.com
http://www.java.com/
http://www.R-project.org/
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The first category is mainly used by researchers as an evaluation tool and giving
advise to the industry. Several of the most advanced recent models are in this cate-
gory. Thus, the models by Bar et al (2008a,b) and Cha et al (2011) use the models to
estimate the costs of clinical mastitis in dairy cows and evaluate the treatment and
prevention options, and Demeter et al (2011) use their model to estimate the long
term consequences of different breeding strategies in dairy cows. It is expected that
many models developed in the future will belong to this category.

The aim of models in the second category is that they ultimately should be used
within the DSS on farm. However, the actual use of such models on farm has been
limited. Reasons for this may be that MDPs require access to good data for esti-
mating the many parameters needed in the model. Moreover the estimation process
may be cumbersome and error-prone. As a result there have been a growing focus
on using on-farm biosensors for retrieving data and algorithms for data filtration and
parameter estimation based on Bayesian updating as in (Nielsen et al, 2010) for a
dairy cow replacement model. An example from pig production is the work by Bono
et al (2012) where important litter size parameters to be used in a sow replacement
models are automatically and dynamically estimated from herd registrations and fed
into the replacement model. Furthermore, the states of the individual sows are auto-
matically identified so that the optimal decision can be returned by the optimization
model. Providing direct links from data is crucial if MDP models should be applied
within farms since the parameter settings may be quite different among farms.

Another issue is violated herd constraints. MDP models are applied at animal
level and given replacement it is assumed that a new animal is available. As a re-
sult MDP models have to be coordinated with other information streams and other
models used in the farm DSS. This calls for further research.

Due to the large number of state variables there is a trend in using hierarchical
MDPs since here state variables such as lactation number and lactation stage are
implicitly given by the model structure. Hence, the same problem formulated as
a hierarchical model will typically have fewer state variables than if it had been
formulated as an ordinary MDP. Moreover, finding the optimal policy using policy
iteration is often faster.

Finally, the number of state variables may be so large that models may face the
curse of dimensionality. This calls for research in models which finds an approx-
imate good policy using techniques such as approximate dynamic programming
(Powell, 2011).

Acknowledgements

The authors are grateful to Dr. Anna-Maija Heikkilä, MTT Economic Research, for
her valuable information about several of the Finnish models referenced.

This chapter has been compiled with support from The Danish Council for Strate-
gic Research (The PigIT project, Grant number 11-116191).



Markov decision processes to model livestock systems 25

References

Allore H, Schruben L, Erb H, Oltenacu P (1998) Design and validation of a dynamic
discrete event stochastic simulation model of mastitis control in dairy herds. Jour-
nal of Dairy Science 81(3):703–717, doi:10.3168/jds.S0022-0302(98)75626-7

van Arendonk J (1985a) A model to estimate the performance, revenues and costs of
dairy cows under different production and price situations. Agricultural Systems
16(3):157–189, doi:10.1016/0308-521X(85)90010-1

van Arendonk J (1985b) Studies on the replacement policies in dairy cattle. ii. op-
timum policy and influence of changes in production and prices. Livestock Pro-
duction Science 13(2):101–121, doi:10.1016/0301-6226(85)90014-4

van Arendonk J (1986) Studies on the replacement policies in dairy cattle. iv. in-
fluence of seasonal variation in performance and prices. Livestock Production
Science 14(1):15–28, doi:10.1016/0301-6226(86)90093-X

van Arendonk J (1988) Management guides for insemination and replace-
ment decisions. Journal of Dairy Science 71(4):1050–1057, doi:10.3168/jds.
S0022-0302(88)79651-4

van Arendonk J, Dijkhuizen A (1985) Studies on the replacement policies in dairy
cattle. iii. influence of variation in reproduction and production. Livestock Pro-
duction Science 13(4):333–349, doi:10.1016/0301-6226(85)90025-9

van Asseldonk M, Huirne R, Dijkhuizen AA, Beulens A (1999) Dynamic pro-
gramming to determine optimum investments in information technology on
dairy farms. Agricultural Systems 62(1):17–28, doi:10.1016/S0308-521X(99)
00051-7

Bar D, Tauer L, Bennett G, Gonzalez R, Hertl J, Schukken Y, Schulte H, Welcome F,
Groehn Y (2008a) The cost of generic clinical mastitis in dairy cows as estimated
by using dynamic programming. Journal of Dairy Science 91(6):2205–2214, doi:
10.3168/jds.2007-0573

Bar D, Tauer L, Bennett G, Gonzalez R, Hertl J, Schulte H, Schukken Y, Welcome
F, Grohn Y (2008b) Use of a dynamic programming model to estimate the value
of clinical mastitis treatment and prevention options utilized by dairy producers.
Agricultural Systems 99(1):6–12, doi:10.1016/j.agsy.2008.09.001

Bellman R (1957) Dynamic Programming. Princeton University Press
Ben-Ari Y, Gal S (1986) Optimal replacement policy for multicomponent sys-

tems - an application to a dairy-herd. European Journal of Operational Research
23(2):213–221, doi:10.1016/0377-2217(86)90240-7

Ben-Ari Y, Amir I, Sharar S (1983) Operational replacement decision model
for dairy herds. Journal of Dairy Science 66:1747–1759, doi:10.3168/jds.
S0022-0302(83)82002-5

Boichard D (1990) Estimation of the economic value of conception rate in dairy
cattle. Livestock Production Science 24(3):187–204, doi:10.1016/0301-6226(90)
90001-M

Bono C, Cornou C, Kristensen A (2012) Dynamic production monitoring in pig
herds I: Modeling and monitoring litter size at herd and sow level. Livestock
Science 149(3):289 – 300, doi:10.1016/j.livsci.2012.07.023

http://dx.doi.org/10.3168/jds.S0022-0302(98)75626-7
http://dx.doi.org/10.1016/0308-521X(85)90010-1
http://dx.doi.org/10.1016/0301-6226(85)90014-4
http://dx.doi.org/10.1016/0301-6226(86)90093-X
http://dx.doi.org/10.3168/jds.S0022-0302(88)79651-4
http://dx.doi.org/10.3168/jds.S0022-0302(88)79651-4
http://dx.doi.org/10.1016/0301-6226(85)90025-9
http://dx.doi.org/10.1016/S0308-521X(99)00051-7
http://dx.doi.org/10.1016/S0308-521X(99)00051-7
http://dx.doi.org/10.3168/jds.2007-0573
http://dx.doi.org/10.3168/jds.2007-0573
http://dx.doi.org/10.1016/j.agsy.2008.09.001
http://dx.doi.org/10.1016/0377-2217(86)90240-7
http://dx.doi.org/10.3168/jds.S0022-0302(83)82002-5
http://dx.doi.org/10.3168/jds.S0022-0302(83)82002-5
http://dx.doi.org/10.1016/0301-6226(90)90001-M
http://dx.doi.org/10.1016/0301-6226(90)90001-M
http://dx.doi.org/10.1016/j.livsci.2012.07.023


26 Lars Relund Nielsen and Anders Ringgaard Kristensen

Cabrera V (2010) A large markovian linear program to optimize replacement poli-
cies and dairy herd net income for diets and nitrogen excretion. Journal of Dairy
Science 93(1):394–406, doi:10.3168/jds.2009-2352

Cabrera V (2012) A simple formulation and solution to the replacement problem:
A practical tool to assess the economic cow value, the value of a new pregnancy,
and the cost of a pregnancy loss. Journal of dairy science 95(8):4683–4698, doi:
10.3168/jds.2011-5214

Cardoso V, Nogueira J, van Arendonk J (1999a) Optimum replacement and in-
semination policies for crossbred cattle (holstein friesian x zebu) in the south-
east region of brazil. Livestock Production Science 58(2):95–105, doi:10.1016/
S0301-6226(98)00205-X

Cardoso V, Nogueira J, Van Arendonk J (1999b) Optimal replacement and insemi-
nation policies for holstein cattle in the southeastern region of brazil: The effect
of selling animals for production. Journal of Dairy Science 82(7):1449–1458,
doi:10.3168/jds.S0022-0302(99)75372-5

Cha E, Hertl J, Bar D, Groehn Y (2010) The cost of different types of lameness in
dairy cows calculated by dynamic programming. Preventive Veterinary Medicine
97(1):1–8, doi:10.1016/j.prevetmed.2010.07.011

Cha E, Bar D, Hertl J, Tauer L, Bennett G, Gonzalez R, Schukken Y, Welcome F,
Groehn Y (2011) The cost and management of different types of clinical masti-
tis in dairy cows estimated by dynamic programming. Journal of Dairy Science
94(9):4476–4487, doi:10.3168/jds.2010-4123

Dekkers J (1991) Estimation of economic values for dairy cattle breeding goals:
Bias due to sub-optimal management policies. Livestock Production Science 29(2
- 3):131 – 149, doi:10.1016/0301-6226(91)90062-U

Dekkers JCM, Ten Hag JH, Weersink A (1998) Economic aspects of persistency
of lactation in dairy cattle. Livestock Production Science 53(3):237–252, doi:
10.1016/S0301-6226(97)00124-3

Delorenzo M, Spreen T, Bryan G, Beede D, van Arendonk J (1992) Optimizing
model: Insemination, replacement, seasonal production, and cash flow. Journal of
Dairy Science 75(3):885–896, doi:10.3168/jds.S0022-0302(92)77829-1

Demeter R, Kristensen A, Dijkstra J, Lansink AO, Meuwissen M, van Aren-
donk J (2011) A multi-level hierarchic markov process with bayesian updating
for herd optimization and simulation in dairy cattle. Journal of Dairy Science
94(12):5938–5962, doi:10.3168/jds.2011-4258

Fisher W, Schruben L (1953) Linear programming applied to feed-mixing under
different price conditions. Journal of Farm Economics 35(4):pp. 471–483, URL
http://www.jstor.org/stable/1233362

Ge L, Kristensen A, Mourits M, Huirne R (2010a) A new decision support frame-
work for managing foot-and-mouth disease epidemics. Annals of Operations Re-
search Online First, doi:10.1007/s10479-010-0774-2

Ge L, Mourits M, Kristensen A, Huirne R (2010b) A modelling approach to support
dynamic decision-making in the control of fmd epidemics. Preventive Veterinary
Medicine 95(3-4):167–174, doi:10.1016/j.prevetmed.2010.04.003

http://dx.doi.org/10.3168/jds.2009-2352
http://dx.doi.org/10.3168/jds.2011-5214
http://dx.doi.org/10.3168/jds.2011-5214
http://dx.doi.org/10.1016/S0301-6226(98)00205-X
http://dx.doi.org/10.1016/S0301-6226(98)00205-X
http://dx.doi.org/10.3168/jds.S0022-0302(99)75372-5
http://dx.doi.org/10.1016/j.prevetmed.2010.07.011
http://dx.doi.org/10.3168/jds.2010-4123
http://dx.doi.org/10.1016/0301-6226(91)90062-U
http://dx.doi.org/10.1016/S0301-6226(97)00124-3
http://dx.doi.org/10.1016/S0301-6226(97)00124-3
http://dx.doi.org/10.3168/jds.S0022-0302(92)77829-1
http://dx.doi.org/10.3168/jds.2011-4258
http://www.jstor.org/stable/1233362
http://dx.doi.org/10.1007/s10479-010-0774-2
http://dx.doi.org/10.1016/j.prevetmed.2010.04.003


Markov decision processes to model livestock systems 27

Giaever H (1966) Optimal dairy cow replacement policies. PhD thesis, University
of California, Berkeley, University Microfilms, Ann Arbor, Michigan

Giordano J, Kalantari A, Fricke P, Wiltbank M, Cabrera V (2012) A daily herd
markov-chain model to study the reproductive and economic impact of repro-
ductive programs combining timed artificial insemination and estrus detection.
Journal of Dairy Science 95(9):5442–5460, doi:10.3168/jds.2011-4972

Glenn J (1983) A dynamic programming model for pig production. Journal of the
Operational Research Society 34:511–519, doi:10.1057/jors.1983.118

Grohn Y, Rajala-Schultz P, Allore H, DeLorenzo M, Hertl J, Galligan D (2003) Op-
timizing replacement of dairy cows: modeling the effects of diseases. Preventive
Veterinary Medicine 61(1):27–43, doi:10.1016/S0167-5877(03)00158-2

Haran P (1997) Markov decision processes in the optimisation of culling decisions
for irish dairy herds. Master’s thesis, School of Computer Applications, Dublin
City University

Harris B (1990) Recursive stochastic programming applied to dairy cow replace-
ment. Agricultural Systems 34(1):53–64, doi:10.1016/0308-521X(90)90093-6

Heikkila A, Nousiainen J, Jauhiainen L (2008) Optimal replacement policy and eco-
nomic value of dairy cows with diverse health status and production capacity.
Journal of Dairy Science 91(6):2342–2352, doi:10.3168/jds.2007-0736

Heikkila A, Nousiainen J, Pyorala S (2012) Costs of clinical mastitis with special
reference to premature culling. Journal of Dairy Science 95(1):139–150, doi:
10.3168/jds.2011-4321

Houben E, Huirne R, Dijkhuizen A, Kristensen A (1994) Optimal replacement of
mastitis cows determined by a hierarchic Markov process. Journal of Dairy Sci-
ence 77:2975–2993, doi:10.3168/jds.S0022-0302(94)77239-8

Huirne R, Hardaker J (1998) A multi-attribute utility model to optimise sow re-
placement decisions. European Review of Agricultural Economics 25(4):488–
505, doi:10.1093/erae/25.4.488

Huirne R, Hendriks T, Dijkhuizen A, Giesen G (1988) The economic optimisation
of sow replacement decisions by stochastic dynamic programming. Journal of
Agricultural Economics 39:426–438, doi:10.1111/j.1477-9552.1988.tb00602.x

Huirne R, Dijkhuizen A, Renkema JA (1991) Economic optimization of sow re-
placement decisions on the personal computer by method of stochastic dy-
namic programming. Livestock Production Science 28:331–347, doi:10.1016/
0301-6226(91)90014-H

Huirne R, van Beek P, Hendriks T, Dijkhuizen A (1993) An application of stochastic
dynamic programming to support sow replacement decisions. European Journal
of Operational Research 67:161–171, doi:10.1016/0377-2217(93)90059-V

Jalvingh A, Dijkhuizen A, van Arendonk J, Brascamp E (1992a) Dynamic prob-
abilistic modelling of reproductive and replacement in sow herds. general as-
pects and model description. Agricultural Systems 39:133–152, doi:10.1016/
0308-521X(92)90105-W

Jalvingh A, Dijkhuizen A, van Arendonk J, Brascamp E (1992b) An economic com-
parison of management strategies on reproduction and replacement in sow herds

http://dx.doi.org/10.3168/jds.2011-4972
http://dx.doi.org/10.1057/jors.1983.118
http://dx.doi.org/10.1016/S0167-5877(03)00158-2
http://dx.doi.org/10.1016/0308-521X(90)90093-6
http://dx.doi.org/10.3168/jds.2007-0736
http://dx.doi.org/10.3168/jds.2011-4321
http://dx.doi.org/10.3168/jds.2011-4321
http://dx.doi.org/10.3168/jds.S0022-0302(94)77239-8
http://dx.doi.org/10.1093/erae/25.4.488
http://dx.doi.org/10.1111/j.1477-9552.1988.tb00602.x
http://dx.doi.org/10.1016/0301-6226(91)90014-H
http://dx.doi.org/10.1016/0301-6226(91)90014-H
http://dx.doi.org/10.1016/0377-2217(93)90059-V
http://dx.doi.org/10.1016/0308-521X(92)90105-W
http://dx.doi.org/10.1016/0308-521X(92)90105-W


28 Lars Relund Nielsen and Anders Ringgaard Kristensen

using a dynamic probabilistic model. Livestock Production Science 32:331–350,
doi:10.1016/0301-6226(92)90004-N

Jalvingh A, van Arendonk J, Dijkhuizen A (1993a) Dynamic probabilistic simu-
lation of dairy-herd management-practices .i. model description and outcome of
different seasonal calving patterns. Livestock Production Science 37(1-2):107–
131, doi:10.1016/0301-6226(93)90067-R

Jalvingh A, van Arendonk J, Dijkhuizen A, Renkema J (1993b) Dynamic proba-
bilistic simulation of dairy-herd management-practices. ii. comparison of strate-
gies in order to change a herds calving pattern. Livestock Production Science
37(1-2):133–152, doi:10.1016/0301-6226(93)90068-S

Jalvingh A, Dijkhuizen A, van Arendonk J (1994) Optimizing the herd calving pat-
tern with linear-programming and dynamic probabilistic simulation. Journal of
Dairy Science 77(6):1719–1730, doi:10.3168/jds.S0022-0302(94)77113-7

Jørgensen E (1992) Sow replacement: Reduction of state space in dynamic pro-
gramming model and evaluation of benefit from using the model. Dina Research
Report 6, National Institute of Animal Science

Jørgensen E (1993) The influence of weighing precision on delivery decisions in
slaughter pig production. Acta Agriculturae Scandinavica 43(3):181–189, doi:
10.1080/09064709309410163

Kalantari A, Cabrera V (2012) The effect of reproductive performance on the dairy
cattle herd value assessed by integrating a daily dynamic programming model
with a daily markov chain model. Journal of Dairy Science 95(10):6160–6170,
doi:10.3168/jds.2012-5587

Kalantari A, Mehrabani-Yeganeh H, Moradi M, Sanders A, de Vries A (2010) De-
termining the optimum replacement policy for holstein dairy herds in iran. Journal
of Dairy Science 93(5):2262–2270, doi:10.3168/jds.2009-2765

Kennedy J (1986) Dynamic Programming. Applications to Agriculture and Natural
Resources. Elsevier Applied Science Publishers, London and New York

Kennedy J, Stott A (1993) An adaptive decision-making aid for dairy cow re-
placement. Agricultural Systems 42(1-2):25–39, doi:10.1016/0308-521X(93)
90066-B

Killen L, Kearney B (1978) Optimal dairy cow replacement policy. Irish Journal
of Agricultural Economics and Rural Sociology 7:33–40, URL http://www.
jstor.org/stable/25556435

Kristensen A (1987) Optimal replacement and ranking of dairy cows determined
by a hierarchical markov process. Livestock Production Science 16(2):131–144,
doi:10.1016/0301-6226(87)90015-7

Kristensen A (1988) Hierarchic Markov processes and their applications in re-
placement models. European Journal of Operational Research 35(2):207–215,
doi:10.1016/0377-2217(88)90031-8

Kristensen A (1989) Optimal replacement and ranking of dairy-cows under
milk quotas. Acta Agriculturae Scandinavica 39(3):311–318, doi:10.1080/
00015128909438523

Kristensen A (1992) Optimal replacement in the dairy-herd: A multicomponent sys-
tem. Agricultural Systems 39(1):1–24, doi:10.1016/0308-521X(92)90002-6

http://dx.doi.org/10.1016/0301-6226(92)90004-N
http://dx.doi.org/10.1016/0301-6226(93)90067-R
http://dx.doi.org/10.1016/0301-6226(93)90068-S
http://dx.doi.org/10.3168/jds.S0022-0302(94)77113-7
http://dx.doi.org/10.1080/09064709309410163
http://dx.doi.org/10.1080/09064709309410163
http://dx.doi.org/10.3168/jds.2012-5587
http://dx.doi.org/10.3168/jds.2009-2765
http://dx.doi.org/10.1016/0308-521X(93)90066-B
http://dx.doi.org/10.1016/0308-521X(93)90066-B
http://www.jstor.org/stable/25556435
http://www.jstor.org/stable/25556435
http://dx.doi.org/10.1016/0301-6226(87)90015-7
http://dx.doi.org/10.1016/0377-2217(88)90031-8
http://dx.doi.org/10.1080/00015128909438523
http://dx.doi.org/10.1080/00015128909438523
http://dx.doi.org/10.1016/0308-521X(92)90002-6


Markov decision processes to model livestock systems 29

Kristensen A (1993) Bayesian updating in hierarchical Markov-processes applied
to the animal replacement-problem. European Review of Agricultural Economics
20(2):223–239

Kristensen A (1994) A survey of Markov decision programming techniques applied
to the animal replacement-problem. European Review of Agricultural Economics
21(1):73–93, doi:10.1093/erae/21.1.73

Kristensen A (2003) A general software system for Markov decision processes
in herd management applications. Computers and Electronics in Agriculture
38(3):199–215, doi:10.1016/S0168-1699(02)00183-7

Kristensen A, Jørgensen E (2000) Multi-level hierarchic Markov processes as a
framework for herd management support. Annals of Operations Research 94:69–
89, doi:10.1023/A:1018921201113

Kristensen A, Søllested T (2004a) A sow replacement model using Bayesian up-
dating in a three-level hierarchic Markov process I. Biological model. Livestock
Production Science 87(1):13–24, doi:10.1016/j.livprodsci.2003.07.004

Kristensen A, Søllested T (2004b) A sow replacement model using Bayesian updat-
ing in a three-level hierarchic Markov process, II. Optimization model. Livestock
Production Science 87(1):25–36, doi:10.1016/j.livprodsci.2003.07.005

Kristensen A, Thysen I (1991a) Economic value of culling information in the pres-
ence and absence of a milk quota. Acta Agriculturae Scandinavica 41(2):129–
135, doi:10.1080/00015129109438594

Kristensen A, Thysen I (1991b) Ranking of dairy-cows for replacement - alter-
native methods tested by stochastic simulation. Acta Agriculturae Scandinavica
41(3):295–303, doi:10.1080/00015129109439912

Kristensen A, Nielsen L, Nielsen M (2012) Optimal slaughter pig marketing with
emphasis on information from on-line live weight assessment. Livestock Science
145(1-3):95–108, doi:10.1016/j.livsci.2012.01.003

Kure H (1997a) Marketing management support in slaughter pig production. PhD
thesis, The Royal Veterinary and Agricultural University, URL http://www.
prodstyr.ihh.kvl.dk/pub/phd/kure_thesis.pdf

Kure H (1997b) Optimal slaughter pig marketing. In: Proceedings of the Dutch/-
Danish Symposium on Animal Health and Management Economics, Copen-
hagen, January 23-24 1997. Dina Notat No. 56, 39-47., URL http://www.
prodstyr.ihh.kvl.dk/pub/symp/hk/Kure97a.pdf

Kure H (1997c) Slaughter pig marketing management: Utilization of highly bi-
ased herd-specific data. In: Kure et al. (eds.): Proceedings of the first European
Conference for Information Technology in Agriculture, Copenhagen, June 15-18,
URL http://www.dina.dk/efita-conf/program/paperspdf/x_
b_2.pdf

Langford F, Stott A (2012) Culled early or culled late: economic decisions and
risks to welfare in dairy cows. Animal Welfare 21(1):41–55, doi:10.7120/
096272812X13345905673647

Lien G, Kristensen A, Hegrenes A, Hardaker J (2003) Optimal length of leys in
an area with winter damage problems. Grass and Forage Science 58(2):168–177,
doi:10.1046/j.1365-2494.2003.00367.x

http://dx.doi.org/10.1093/erae/21.1.73
http://dx.doi.org/10.1016/S0168-1699(02)00183-7
http://dx.doi.org/10.1023/A:1018921201113
http://dx.doi.org/10.1016/j.livprodsci.2003.07.004
http://dx.doi.org/10.1016/j.livprodsci.2003.07.005
http://dx.doi.org/10.1080/00015129109438594
http://dx.doi.org/10.1080/00015129109439912
http://dx.doi.org/10.1016/j.livsci.2012.01.003
http://www.prodstyr.ihh.kvl.dk/pub/phd/kure_thesis.pdf
http://www.prodstyr.ihh.kvl.dk/pub/phd/kure_thesis.pdf
http://www.prodstyr.ihh.kvl.dk/pub/symp/hk/Kure97a.pdf
http://www.prodstyr.ihh.kvl.dk/pub/symp/hk/Kure97a.pdf
http://www.dina.dk/efita-conf/program/paperspdf/x_b_2.pdf
http://www.dina.dk/efita-conf/program/paperspdf/x_b_2.pdf
http://dx.doi.org/10.7120/096272812X13345905673647
http://dx.doi.org/10.7120/096272812X13345905673647
http://dx.doi.org/10.1046/j.1365-2494.2003.00367.x


30 Lars Relund Nielsen and Anders Ringgaard Kristensen

McArthur A (1973) Application of dynamic programming to the culling decision
in dairy cattle. Proceedings of the New Zealand Society of Animal Production
33:141–147

Mccullough D, Delorenzo M (1996a) Effects of price and management level on opti-
mal replacement and insemination decisions. Journal of Dairy Science 79(2):242–
253, doi:10.3168/jds.S0022-0302(96)76357-9

Mccullough D, Delorenzo M (1996b) Evaluation of a stochastic dynamic replace-
ment and insemination model for dairy cattle. Journal of Dairy Science 79(1):50–
61, doi:10.3168/jds.S0022-0302(96)76333-6

Mourits M, Huirne R, Dijkhuizen A, Galligan D (1999a) Optimal heifer manage-
ment decisions and the influence of price and production variables. Livestock
Production Science 60(1):45–58, doi:10.1016/S0301-6226(99)00037-8

Mourits M, Huirne R, Dijkhuizen A, Kristensen A, Galligan D (1999b) Eco-
nomic optimization of dairy heifer management decisions. Agricultural Systems
61(1):17–31, doi:10.1016/S0308-521X(99)00029-3

Nielsen B, Kristensen A (2007) Optimal decisions in organic beef production from
steers effects of criterion of optimality and price changes. Livestock Science
110(1-2):25–32, doi:10.1016/j.livsci.2006.09.024

Nielsen B, Kristensen A, Thamsborg S (2004) Optimal decisions in organic
steer production - a model including winter feed level, grazing strategy and
slaughtering policy. Livestock Production Science 88(3):239–250, doi:10.1016/
j.livprodsci.2003.11.010

Nielsen L (2011) Markov decision processes (MDPs) in R. URL https://
r-forge.r-project.org/projects/mdp/

Nielsen L, Jørgensen E, Kristensen A, Østergaard S (2010) Optimal replacement
policies for dairy cows based on daily yield measurements. Journal of Dairy Sci-
ence 93(1):77–92, doi:10.3168/jds.2009-2209

Nielsen L, Jørgensen E, Højsgaard S (2011) Embedding a state space model into a
markov decision process. Annals of Operations Research 190(1):289–309, doi:
10.1007/s10479-010-0688-z

Niemi J (2006) A dynamic programming model for optimising feeding and slaugh-
ter decisions regarding fattening pigs. PhD thesis, MTT Agrifood Research Fin-
land

Noordegraaf A, Buijtels J, Dijkhuizen A, Franken P, Stegeman JA, Verhoeff J (1998)
An epidemiological and economic simulation model to evaluate the spread and
control of infectious bovine rhinotracheitis in the netherlands. Preventive Veteri-
nary Medicine 36(3):219–238, doi:10.1016/S0167-5877(98)00081-6

Pihamaa P, Pietola K (2002) Optimal beef cattle management under agricultural
policy reforms in finland. Agricultural and Food Science in Finland 11(1):3–12,
URL http://jukuri.mtt.fi/handle/10024/452290

Pla L, Pomar C, Pomar J (2003) A Markov decision sow model representing the
productive lifespan of herd sows. Agricultural Systems 76(1):253–272, doi:10.
1016/S0308-521X(02)00102-6

http://dx.doi.org/10.3168/jds.S0022-0302(96)76357-9
http://dx.doi.org/10.3168/jds.S0022-0302(96)76333-6
http://dx.doi.org/10.1016/S0301-6226(99)00037-8
http://dx.doi.org/10.1016/S0308-521X(99)00029-3
http://dx.doi.org/10.1016/j.livsci.2006.09.024
http://dx.doi.org/10.1016/j.livprodsci.2003.11.010
http://dx.doi.org/10.1016/j.livprodsci.2003.11.010
https://r-forge.r-project.org/projects/mdp/
https://r-forge.r-project.org/projects/mdp/
http://dx.doi.org/10.3168/jds.2009-2209
http://dx.doi.org/10.1007/s10479-010-0688-z
http://dx.doi.org/10.1007/s10479-010-0688-z
http://dx.doi.org/10.1016/S0167-5877(98)00081-6
http://jukuri.mtt.fi/handle/10024/452290
http://dx.doi.org/10.1016/S0308-521X(02)00102-6
http://dx.doi.org/10.1016/S0308-521X(02)00102-6


Markov decision processes to model livestock systems 31

Pla L, Pomar C, Pomar J (2004) A sow herd decision support system based on an
embedded markov model. Computers and Electronics in Agriculture 45(1):51–
69, doi:10.1016/j.compag.2004.06.005

Powell W (2011) Approximate dynamic programming solving the curses of dimen-
sionality. Wiley, Hoboken, N.J

Puterman M (1994) Markov Decision Processes. Wiley Series in Probability and
Mathematical Statistics, Wiley-Interscience

Rajala-Schultz P, Grohn Y (2001) Comparison of economically optimized culling
recommendations and actual culling decisions of finnish ayrshire cows. Preven-
tive Veterinary Medicine 49(1-2):29–39, doi:10.1016/S0167-5877(01)00180-5

Rajala-Schultz P, Grohn Y, Allore H (2000a) Optimizing breeding decisions for
finnish dairy herds. Acta Veterinaria Scandinavica 41(2):199–212

Rajala-Schultz P, Grohn Y, Allore H (2000b) Optimizing replacement decisions for
finnish dairy herds. Acta Veterinaria Scandinavica 41(2):185–198

Rodriguez S, Jensen T, Pla L, Kristensen A (2011) Optimal replacement policies and
economic value of clinical observations in sow herds. Livestock Science 138(1-
3):207–219, doi:10.1016/j.livsci.2010.12.026

Rogers G, van Arendonk J, McDaniel B (1988a) Influence of involuntary culling
on optimum culling rates and annualized net revenue. Journal of Dairy Science
71(12):3463 – 3469, doi:10.3168/jds.S0022-0302(88)79952-X

Rogers G, van Arendonk J, McDaniel B (1988b) Influence of production and prices
on optimum culling rates and annualized net revenue. Journal of Dairy Science
71(12):3453 – 3462, doi:10.3168/jds.S0022-0302(88)79951-8

Smith B (1971) The dairy cow replacement problem. An application of dy-
namic programming. Bulletin 745, Florida Agricultural Experiment Station,
Gainesville, Florida

Smith B (1973) Dynamic programming of the dairy cow replacement prob-
lem. American Journal of Agricultural Economics 55(1):100–104, doi:10.
2307/1238671 , http://ajae.oxfordjournals.org/content/55/
1/100.full.pdf+html

Sørensen J, Kristensen E, Thysen I (1992) A stochastic model simulating the dairy
herd on a pc. Agricultural Systems 39(2):177 – 200, doi:10.1016/0308-521X(92)
90107-Y

Stewart H, Burnside E, Wilton J, Pfeiffer W (1977) Dynamic-programming ap-
proach to culling decisions in commercial dairy herds. Journal of Dairy Science
60(4):602–617, doi:10.3168/jds.S0022-0302(77)83908-8

Stewart H, Burnside E, Pfeiffer W (1978) Optimal culling strategies for dairy cows
of different breeds. Journal of Dairy Science 61:1605–1615, doi:10.3168/jds.
S0022-0302(78)83772-2

Stott A (1994) The economic advantage of longevity in the dairy cow. Journal of
Agricultural Economics 45:113–122, doi:10.1111/j.1477-9552.1994.tb00382.x

Stott A, Kennedy J (1993) The economics of culling dairy-cows with clinical mas-
titis. Veterinary Record 133(20):494–499, doi:10.1136/vr.133.20.494

Stott A, Jones G, Gunn G, Chase-Topping M, Humphry RW, Richardson H, Logue
DN (2002) Optimum replacement policies for the control of subclinical mastitis

http://dx.doi.org/10.1016/j.compag.2004.06.005
http://dx.doi.org/10.1016/S0167-5877(01)00180-5
http://dx.doi.org/10.1016/j.livsci.2010.12.026
http://dx.doi.org/10.3168/jds.S0022-0302(88)79952-X
http://dx.doi.org/10.3168/jds.S0022-0302(88)79951-8
http://dx.doi.org/10.2307/1238671
http://dx.doi.org/10.2307/1238671
http://ajae.oxfordjournals.org/content/55/1/100.full.pdf+html
http://ajae.oxfordjournals.org/content/55/1/100.full.pdf+html
http://dx.doi.org/10.1016/0308-521X(92)90107-Y
http://dx.doi.org/10.1016/0308-521X(92)90107-Y
http://dx.doi.org/10.3168/jds.S0022-0302(77)83908-8
http://dx.doi.org/10.3168/jds.S0022-0302(78)83772-2
http://dx.doi.org/10.3168/jds.S0022-0302(78)83772-2
http://dx.doi.org/10.1111/j.1477-9552.1994.tb00382.x
http://dx.doi.org/10.1136/vr.133.20.494


32 Lars Relund Nielsen and Anders Ringgaard Kristensen

due to s.aureus in dairy cows. Journal of Agricultural Economics 53(3):627–644,
doi:10.1111/j.1477-9552.2002.tb00041.x

Stott A, Jones G, Humphry R, Gunn G (2005) Financial incentive to control paratu-
berculosis (Johne’s disease) on dairy farms in the United Kingdom. Veterinary
Record 156(26):825–831, doi:10.1136/vr.156.26.825

Tijms H (2003) A first course in stochastic models. John Wiley & Sons Ltd, West
Sussex, England.

Toft N, Kristensen A, Jorgensen E (2005) A framework for decision support re-
lated to infectious diseases in slaughter pig fattening units. Agricultural Systems
85(2):120–37, doi:10.1016/j.agsy.2004.07.017

Vargas B, Herrero M, van Arendonk J (2001) Interactions between optimal replace-
ment policies and feeding strategies in dairy herds. Livestock Production Science
69(1):17–31, doi:10.1016/S0301-6226(00)00250-5

Verstegen J, Sonnemans J, Huirne R, Dijkhuizen A, Cox J (1998) Quantifying the
effects of sow-herd management information systems on farmers’ decision mak-
ing using experimental economics. American Journal of Agricultural Economics
80(4):821–829, doi:10.2307/1244066

Viet A, Jeanpierre L, Bouzid M, Mouaddib A (2012) Using markov decision pro-
cesses to define an adaptive strategy to control the spread of an animal disease.
Computers and Electronics In Agriculture 80:71–79, doi:10.1016/j.compag.
2011.10.015

de Vries A (2004) Economics of delayed replacement when cow performance
is seasonal. Journal of Dairy Science 87(9):2947–2958, doi:10.3168/jds.
S0022-0302(04)73426-8

de Vries A (2006) Economic value of pregnancy in dairy cattle. Journal of Dairy
Science 89(10):3876–3885, doi:10.3168/jds.S0022-0302(06)72430-4

White W (1959) The determination of an optimal replacement policy for a contin-
ually operating egg production enterprise. Journal of Farm Economics 41(5):pp.
1535–1542, URL http://www.jstor.org/stable/1235311

Yalcin C, Stott A (2000) Dynamic programming to investigate financial impacts of
mastitis control decisions in milk production systems. Journal of Dairy Research
67(4):515–528, doi:10.1017/S0022029900004453

Yates C, Rehman T (1998) A linear programming formulation of the Markovian de-
cision process approach to modelling the dairy replacement problem. Agricultural
Systems 58(2):185–201, doi:10.1016/S0308-521X(98)00054-7

http://dx.doi.org/10.1111/j.1477-9552.2002.tb00041.x
http://dx.doi.org/10.1136/vr.156.26.825
http://dx.doi.org/10.1016/j.agsy.2004.07.017
http://dx.doi.org/10.1016/S0301-6226(00)00250-5
http://dx.doi.org/10.2307/1244066
http://dx.doi.org/10.1016/j.compag.2011.10.015
http://dx.doi.org/10.1016/j.compag.2011.10.015
http://dx.doi.org/10.3168/jds.S0022-0302(04)73426-8
http://dx.doi.org/10.3168/jds.S0022-0302(04)73426-8
http://dx.doi.org/10.3168/jds.S0022-0302(06)72430-4
http://www.jstor.org/stable/1235311
http://dx.doi.org/10.1017/S0022029900004453
http://dx.doi.org/10.1016/S0308-521X(98)00054-7

	Markov decision processes to model livestock systems
	Lars Relund Nielsen and Anders Ringgaard Kristensen
	Introduction
	Methodology
	Finite-horizon Markov decision processes
	Infinite-horizon Markov decision processes
	Hierarchical MDPs

	MDP models applied to cattle farming
	MDP models applied to pig farming
	MDP models applied to other areas
	Software for solving MDP models
	Conclusions and directions for further research
	References



