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Summary

In herd management, we face a hierarchy of decisions made at different levels with different
time horizon, and the decisions made at different levels are mutually dependent. Furthermore,
decisions have to be made without certainty about the future state of the system. If, for
instance, a decision has to be made at the tactical level, it is necessary to assume some policy
to be followed concerning decisions at the operational level. This policy has to be optimal
given the tactical decision and the present state of the system, which may very well deviate
from the state observed at the time of the tactical decision. On the other hand, it is not
possible to choose an optimal decision at the tactical level, unless a policy has been
determined at the operational level. A new notion of a multi-level hierarchic Markov process
has been developed in order to become able to perform a simultaneous optimization of
management decisions at the operational and tactical level in animal production. The
applicational perspectives of the method are illustrated through an example referring to a sow
herd decision problem involving decisions at several levels with different time horizons. The
method also contributes significantly to circumventing the well known curse of dimensionality
in Markov decision processes.

1 Introduction

A general aspect of management under risk is that decisions have to be made without
certainty about the future state of the system. The uncertainty increases with the time horizon
of the decision, i.e. it is more prevalent at the tactical level than at the operational level.
Having made a decision at the tactical level, the manager is restricted by the consequences
for the duration of the time horizon. It may very well later turn out, that the actual state of
the system differs from the expected state at the time of the decision, but the only way the
manager may adjust to the new situation is by making decisions at the operational level.
These decisions should be conditionally optimal given the tactical decision made and the
current state of the system. In other words, the decisions at the operational level may be
regarded as a way of adjustment to risk and in that way compensate for the incomplete
knowledge on the future state of the system.

In general, it must be assumed that if decision a1 is made at the tactical level, then policy
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α1 is optimal for decisions at the operational level (a policy is defined as a set of decisions
relating to the set of possible states of the system). On the other hand, if decision a2 is made
at the tactical level, then policy α2 is optimal at the operational level. It will be an exception,
if α1 = α2. In other words, it is not possible to choose an optimal decision a’ at the tactical
level, unless a conditionally optimal policy α’ has been determined at the operational level
(conditional given the tactical decision).

In case of a management problem with limited time horizon (for instance the duration of
the tactical decision considered) the mutual dependency between decisions at the tactical and
operational level is not really a problem. We just have to determine optimal policies at the
operational level given each of the alternative tactical decisions and, afterwards, to choose the
tactical decision maximizing the objective function. A problem corresponding to this situation
is discussed by Jensen (1995), who considered optimal mildew management policies in winter
wheat under different nitrogen fertilization strategies. In that example, the decision at the
tactical level is to choose a nitrogen fertilization strategy and the decisions at the operational
level are to treat the crop for mildew. The time horizon is limited to the growing season just
like the tactical decision. The problem was solved within the framework of a Bayesian
network in combination with a usual backwards dynamic programming algorithm.

If, however, the time horizon is unknown or at least very long as it is typically the case
in animal production, the situation is far more complicated. Examples of tactical decisions
include mating of a female animal with a male animal of a certain quality or choosing a
certain feeding level for an animal. Such decisions have (depending on the animal species and
other circumstances) a time horizon of a few months, but unlike the mildew management
problem, the time horizon of the production is not limited to a growing season or the like.
Instead the production is continuous, which is usually modelled by an infinite time horizon.
In order to cope with such a situation, the decisions at the tactical and operational level have
to be optimized simultaneously in order to ensure over-all optimality.

The terms "tactical" and "operational" are of course rather arbitrary. In general we have
to deal with decisions at several levels having different time horizons. A new notion of a
multi-level hierarchic Markov process specially designed to solve dynamic decision problems
involving decisions with varying time horizon has been developed by Kristensen & Jørgensen
(1996). It is a generalization of the previously developed notion of an ordinary hierarchic
Markov process presented by Kristensen (1988; 1991; 1993) and applied by Kristensen (1987;
1989), Broekmans (1992), Jørgensen (1993), Verstegen et al. (1994) and Houben et al. (1994,
1995). The original purpose of hierarchic Markov processes was to circumvent the well
known curse of dimensionality associated with Markov decision programming. The multi-level
formulation allows for definition and optimization of models with more than 2 levels, and,
furthermore, decisions may be defined at all levels (not just at the bottom level as previously
required). It is the latter characteristic that makes it possible simultaneously to optimize
decisions with different time horizon. The multi-level formulation also further contributes to
circumventing the curse of dimensionality.

The purpose of this paper is to illustrate the applicational perspectives of a multi-level
hierarchic Markov process for herd management support under risk using a sow herd decision
problem as an example. It should be emphasized that the model described has not actually
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been built. It only serves as a clarifying example. As concerns the formal definitions and the
optimization algorithm, reference is made to Kristensen & Jørgensen (1996).

2 The decision problem

2.1 The conceptual framework and basic assumptions

In the example we shall assume that risk is only due to biological variation whereas prices
are assumed fixed and known. The purpose of this assumption is only to keep the example
simple, since a hierarchic model is indeed able to account for random variation in prices as
discussed by Kristensen & Jørgensen (1995) on the basis of an example described by
Broekmans (1992).

A sow herd may be regarded as a (fixed) number of parallel courses or processes each
representing one sow and its future successors. The total number of processes thus equals the
herd size. Each process (chain of sows) may be represented by a series of recurrent events
like mating, farrowing, weaning and replacement as illustrated in Fig. 1.

Figure 1. Event series of a process representing one sow and its future successors. M=mating,
F=farrowing, W=weaning, R=replacement.

M F W M F W M F W R M F W M F W R M F W M F W M F W M F W R

At regular time intervals we have to decide on actions concerning the individual sows of
the herd. We shall assume that the relevant actions are:
- to wean piglets at the age δ1

- to mate the sow with a boar of the specific quality δ2

- to cull a sow if it is not pregnant after δ3,1 matings
- to feed the sow at level δ3,2 during the gestation period
- to feed the sow at level δ3,3 during the suckling period
- to feed the sow at level δ3,4 from weaning till mating
- to cull a sow if it does not show heat before δ3,5 days after weaning
- to keep/replace (δ4,1 = 0/1) the sow
- to test/not to test (δ4,2 = 0/1) the sow for pregnancy
- to treat/not to treat (δ4,3 = 0/1) piglets for diarrhoea
- to induce/not to induce (δ4,4 = 0/1) heat

In order to be able to decide on these actions we need some information on the traits of
the sow in question (i.e. the state of the system). We shall assume that the relevant traits of
a sow are:
- the genetic merit
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- the parity
- the stage of the reproductive cycle (pregnant/suckling/open)
- litter size at farrowing, present parity
- litter size at farrowing, previous parity
- litter size at weaning
- number of weeks since last mating
- pregnancy status (open/mated/positive pregnancy test)
- number of piglets still alive
- health status of piglets (diarrhoea/no diarrhoea)
- heat status (heat/no heat)

2.2 Formulation as an ordinary Markov decision process

If we had to solve this decision problem within the framework of a standard Markov
decision process, we would initially define a state as the set of combined values of all the
traits listed. If all traits were represented at a realistic number of discrete levels, this would
lead to a state space of tremendous size, and the matrix of transition probabilities would be
impossible to handle. Furthermore we would define an action in the model as the combined
set of values of the actions δ1,...,δ4,4. Thus, also the action space would be prohibitive.

Even though such a model would be enormous it would not even suffice, because the
actions have different time horizon. The action to wean at a specific age has a very long time
horizon, since it defines the relative capacities of the various departments
(gestation/suckling/mating) of the herd. On the other hand, the decision to treat the piglets for
diarrhoea has a very short time horizon. We therefore face a problem concerning the
definition of time stages in the model. If we consider a decision with short time horizon as
the treatment of piglets, we would like to define the stages of the model to be very short as
for instance a week. On the other hand, if we consider a decision as for instance the feeding
level, it does not make sense to define stage lengths to be a week, simply because the effect
of feeding level will not manifest itself within a week.

In order to handle this dilemma within the framework of a traditional Markov decision
process we would have to extend the state space even further. Stage lengths had to be defined
according to the decision with shortest time horizon. Decisions with longer time horizon had
to be defined as state variables ("traits") of the model. The decision to feed at level δ3,2 during
the gestation period would then force a state transition to a state where the feeding level is
δ3,2 and the process would not be allowed to leave the subset of states having feeding level
equal to δ3,2 before the end of the gestation period (the time horizon of this decision). This
explosion of the state space clearly illustrate that this way of integrating decisions with
different time horizon is certainly not appropriate.

2.3 Formulation as a multi-level hierarchic Markov process

A multi-level hierarchic Markov process is specially design to fit a decision problem as the
one described. If we consider the traits listed in Section 2.1, we observe that some of them
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are necessarily constant over several time steps whereas others vary more frequently. Thus
the genetic merit is constant over the entire life time of a sow. It only changes when a
replacement takes place. Others are constant over several months. The boar quality and the
litter size at farrowing are examples of such traits. The trait having the shortest time horizon
(a couple of days) is the heat status.

The basic idea of a multi-level hierarchic Markov process is to take advantage of these
traits being constant over a period of time. If for instance a trait is constant over 4 weeks, say
the suckling period, a trait that varies weekly may be modeled as a separate Markov decision
process with parameters depending on the permanent trait. Thus we end up with Markov
decision processes running at different levels with different time horizons. At each level,
actions with the relevant time horizon may be defined. They are referred to as level specific
actions.

If the decision problem of Section 2.1 is modelled as a multi-level hierarchic Markov
process, the event series of Figure 1, representing one sow and its future successors levels are
defined as illustrated by Figure 2.

Figure 2. The event series (M=mating, F=farrowing, W=weaning, R=replacement) modeled
by a 4-level hierarchic Markov process.

Events:
M F W M F W R M F W M F W M F W M F W R

Level 1:
Stage No.: n n+1

Level 2:
Stage No.: 1 2 1 2 3 4

Level 3:    
Stage No.: 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

Level 4:     
Stage No.: 1234123412341234123412341234123412341234123412341234123412341234123412341234

The characteristics of the processes at various levels are summarized in Table 1. At the top
level, the stage length is defined as the life span of a single sow in the chain. Accordingly,
the state variable must represent a trait which is constant over time for the same animal. The
genetic merit (for instance low, average or high) is an example of such a trait. The level
specific action must also have a time horizon equal to the life time of a sow. In the example,
the decision to wean piglets at a certain age (for instance 3, 4, or 5 weeks) has been defined
as the level specific action. In other words, the model will allow us to use an age at weaning
which depend on the genetic merit of the sow.

At level 2, the stage length is defined to be the duration of a reproductive cycle from first
mating after a farrowing until first mating after the following farrowing. Thus, the state
variables and level specific actions must have the same time horizon. Examples are, the litter
size at previous farrowing (for instance 1, 2,..., 18 piglets - or fewer classes), and the quality
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of the boar used for mating (for instance low, average or high breeding index). When the boar

Table 1. Characteristics of the processes running at various levels of the sow herd model.
_____________________________________________________________________________
Level Time horizon Stage State variables Level specific actions
_____________________________________________________________________________

1 Infinite Life span of a sow Genetic merit Wean piglets at age δ1

2 Life span of Reproductive cycle Litter size at birth, Mate with boar of
a sow previous parity specific quality δ2

3 Reproductive Stage1: Stage 1: Stage 1:
cycle From first mating - None - Accept δ3,1 matings

till farrowing as a maximum
- Feed at level δ3,2

Stage 2: Stage 2: Stage 2:
From farrowing - Litter size at birth - Feed at level δ3,3

till weaning
Stage 3: Stage 3: Stage 3:
From weaning - Litter size at birth - Feed at level δ3,4

till mating - Litter size at - Accept δ3,5 days
weaning as a maximum to

wait for heat

4 Process 1: Process 1: Process 1: Process 1:
From first ma- One week - Weeks since last - Replace sow
ting till farrow- mating - Test for pregnancy
ing - Pregnancy status
Process 2: Process 2: Process 2: Process 2:
From farrowing One week - Number of piglets - Treat piglets
till weaning still alive
Process 3: Process 3: Process 3: Process 3:
From weaning One day - Heat/No heat - Induce heat
till mating - Replace sow

_____________________________________________________________________________

quality is decided, the genetic merit of the sow, the weaning age of piglets and the litter size
at previous farrowing is known. Thus the action may depend on these traits and decision.

At level 3, the stages represent 3 different periods of the reproductive cycle. The first stage
is the mating and gestation period, the second stage is the suckling period and the third stage
is the period from weaning till first mating. At stage 1 no state variables are defined.
Accordingly the state space only contains one state. Two level specific actions are defined.
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It has to be decided how many matings (for instance 1, 2 or 3) we accept before the sow is
culled for infertility (that may for instance depend on the genetic merit and the litter size at
previous farrowing). The other level specific action is to choose a feeding level (for instance
low, average or high) for the animal during the gestation period. The action chosen may for
instance depend on the litter size at previous farrowing and may in turn influence the number
of piglets born as well as their initial health status. At stage 2, we observe the current litter
size at birth and decide on a feeding level. At stage 3, the first state variable is the same as
that of stage 2 and a second variable is defined as the litter size at weaning, and the level
specific actions are to decide on how many days we accept to wait for heat before the sow
is culled and what level to feed at. A high feeding level in this period will typically result in
many ovulations. In piglet production, this phenomenon is called "flushing".

At level 4, three different processes representing stage 1, 2 and 3 of the process at level
3, respectively, are defined. In the processes representing the gestation and suckling periods,
the stage length is defined to be one week, whereas it is one day in the process representing
the period from weaning till first mating. In the gestation period (process 1), the state
variables are defined to be the number of weeks since last mating and the pregnancy status
(pregnant or not pregnant). The actions defined are to replace the sow and to test for
pregnancy. In the suckling period (process 2), we observe at each stage, the number of piglets
survived and the health status of the piglets. The possible action is to treat the piglets
medically (depending on the health status). In process 3, we observe for heat and we may
decide to induce heat by hormone injection and to replace the sow.

In the example, the model has the same number of levels all over. In other models, the
number of child levels of a given process may for instance vary from stage to stage or from
state to state of the process in question.

2.4 A specific bottom level process

A process at level 4 is identified and defined by the combined values of all stages n, states
i and actions δ at higher levels. In Table 2, an interpretation of such an identification relating
to the sow herd example is given. A specific bottom level process may for instance be
identified as ((3,2),(4,12,1),(2,11,3)). According to Table 2 and the model definition above,
this would mean a sow with the following properties (since the time horizon of the top level
process is infinite, no stage number is defined at level 1):
- Genetic merit: Level 3 (high).
- Age of weaning: Action 2 (4 weeks).
- Parity: 4.
- Litter size at parity 3: Level 12 (12 piglets)
- Quality of boar used for mating: Level 1 (low).
- Stage in reproductive cycle: Suckling
- Litter size (at birth) at present parity: Level 11 (11 piglets).
- Feeding level: Level 3 (high).

Thus a process at a given level inherits the information contained in state variables and
actions at higher levels.
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Table 2. Interpretation of a process identification ρ3 = ((i1,δ1),(n2,i2,δ2),(n3,i3,δ3)) of a
process at level 4 of the sow herd example.

Symbol Explanation Information inherited to lower levels

i1 Level 1 state Genetic merit of sow in question

δ1 Level 1 action Decided age of weaning (age of piglets in weeks)

n2 Level 2 stage Parity (age of sow measured as number of farrowings)

i2 Level 2 state Litter size at previous farrowing (parity)

δ2 Level 2 action Quality of boar used for mating

n3 Level 3 stage Stage in reprod. cycle (mating/pregnant, suckling, weaned)

i3 Level 3 state None if n3=1 (mating/pregnant).
Litter size at birth if n3=2 (suckling)
Litter size at birth and at weaning (weaned)

δ3 Level 3 action For all n3: Feeding level. In addition, if:
n3=1: Maximum number of rematings accepted
n3=3: Maximum number of days open waiting for heat

3 Discussion

In herd management, we face a hierarchy of decisions made at different levels with different
time horizon, and the decisions made at different levels are mutually dependent. Furthermore,
decisions have to be made without certainty about the future state of the system. When, for
instance, a boar quality for mating is selected, the result of the mating is unknown (no
conception or conception with number of piglets born later). Neither is, for instance, the
health status of the piglets in the suckling period known. When a feeding strategy is selected
for the suckling period, the number of piglets born is known, but their health status during
the period is still not known. The latter information is only available at the shortest time
horizon when decisions concerning treatment for diarrhoea are made.

In the sow herd example, the treatment policy followed at the lowest level will influence
the value of the piglets at weaning. Because of the uncertainty of the health status of the
piglets during the suckling period, we need to determine a treatment policy in order to be able
to calculate the expected value of the piglets at weaning. It is very likely, that the optimal
treatment policy depends on the quality of the boar and on the feeding level. The optimal
treatment policy therefore has to be determined conditionally given the decisions at the higher
levels. When this has been done for all possible decisions with longer time horizon, we are
able to compare the possible decisions at the intermediate level where the feeding strategy is
chosen. Having decided the feeding strategy given all possible boar qualities, we further have



9

a correct basis for making a decision at the top level.
A new notion of a multi-level hierarchic Markov process specially designed to solve

dynamic decision problems involving decisions with varying time horizon has been presented.
The problem of uncertainty concerning the future state of the system when a decision with
a given time horizon is made is solved by the determination of conditionally optimal policies
concerning decisions with shorter time horizon. These conditionally optimal policies will
ensure, that no matter what states the system will transfer to during the time horizon of the
decision considered, the economic result will always be the best possible under the
circumstances defined by the decision made at the current level and the states observed at
lower levels. The potential of the technique is to create a framework for general herd
management support under risk in stead of very specialized models only concerned with a
single decision as for instance replacement.

In relation to risk management, the hierarchic formulation also has the possibility of taking
random price fluctuations into account.
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